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HARMONIC ANALYSIS OPERATORS ASSOCIATED WITH
MULTIDIMENSIONAL BESSEL OPERATORS
J.J. BETANCOR, A.J. CASTRO, AND J. CURBELO
Abstract. In this paper we establish that the maximal operator and the Littlewood-Paley
g-function associated with the heat semigroup defined by multidimensional Bessel operators
are of weak type (1,1). Also, we prove that Riesz transforms in the multidimensional Bessel
setting are of strong type (p,p), for every 1 < p <∞, and of weak type (1,1).
1. Introduction
Harmonic analysis operators (maximal operators, Riesz transforms, Littlewood-Paley g-func-
tions, multipliers, . . . ) associated with orthogonal expansions in discrete and continuous settings
have been studied since the 60’s of the last century, but in the last years it has been a very active
area and many authors have studied this topic (see, for instance, [1], [10], [11], [12], [13], [15],
[16], [20], [21], [22], [25], [26], [27], [28], [32] and [33]). Muckenhoupt and Stein [22] made a
deep study about harmonic analysis in the one dimensional ultraspherical and Bessel settings.
We are interested in this paper in the Lp-boundedness properties for the maximal operator
and Littlewood-Paley g-function associated with the heat semigroup for the multidimensional
Bessel operators and the Riesz transforms in the multidimensional Bessel context. As far as
we know harmonic analysis operators in the Bessel settings had been studied always in the one
dimensional case. After [22], Andersen [2], Kerman ([17] and [18]) and Andersen and Kerman
[3] established Lp-weighted inequalities for the Bessel-Riesz transforms. Stempak [31] studied
Littlewood-Paley g-functions and Mihlin-Hörmander multipliers in the Bessel setting. Recently,
in [4], [5], [6], [7], [8], and [9] the one-dimensional harmonic analysis in the Bessel context has
been completed investigating properties of g-functions and Riesz transforms of every order and
maximal operators associated with Poisson and heat semigroups.
We consider the n-dimensional Bessel operator ∆λ1,...,λn defined by
∆λ1,...,λn =
n∑
j=1
∆
(j)
λj
,
where ∆(j)λj = −x
−2λj
j
∂
∂xj
(
x
2λj
j
∂
∂xj
)
, and λj > −1/2, for every j = 1, . . . , n, n ≥ 2. The
heat semigroup generated by ∆λ1,...,λn is represented by {Wλ1,...,λnt }t>0. This semigroup is a
symmetric diffusion semigroup in the sense of [29] with respect to the measure mλ1,...,λn defined
by
n∏
j=1
x
2λj
j dx on (0,∞)n. Then, according to [29, p. 73] the maximal operator
Wλ1,...,λn∗ (f) = sup
t>0
∣∣∣Wλ1,...,λnt (f)∣∣∣
is bounded from Lp((0,∞)n,
n∏
j=1
x
2λj
j dx) into itself, for every 1 < p < ∞. Inspired in the ideas
developed by Nowak and Sjögren in [23] we establish that Wλ1,...,λn∗ is of weak type (1,1) with
respect to the measure mλ1,...,λn .
Theorem 1.1. Let λj > −1/2, j = 1, . . . , n. The maximal operator Wλ1,...,λn∗ is bounded from
L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx).
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Since for every f ∈ C∞c ((0,∞)n), the space of C∞-functions on (0,∞)n that have compact
support,
lim
t→0+
Wλ1,...,λnt (f)(x) = f(x), x ∈ (0,∞)n,
and C∞c ((0,∞)n) is a dense subspace of Lp((0,∞)n,
n∏
j=1
x
2λj
j dx), for every 1 ≤ p <∞, standard
arguments allow us to deduce from the Lp-boundedness properties of the maximal operator
Wλ1,...,λn∗ the following result.
Corollary 1.1. Let λj > −1/2, j = 1, . . . , n, and 1 ≤ p < ∞. For every f ∈ Lp((0,∞)n,
n∏
j=1
x
2λj
j dx),
lim
t→0+
Wλ1,...,λnt (f)(x) = f(x), a.e. x ∈ (0,∞)n.
According to [29, p. 67] the semigroup {Wλ1,...,λnt }t>0 admits an analytic extension to Ω =
{t ∈ C : |Arg(t)| < pi/4}. The Littlewood-Paley g-function of the first order associated with
{Wλ1,...,λnt }t>0 is defined by
gλ1,...,λn(f)(x) =
{∫ ∞
0
∣∣∣∣t ∂∂tWλ1,...,λnt (f)(x)
∣∣∣∣2 dtt
}1/2
, x ∈ (0,∞)n.
By [29, p. 111], gλ1,...,λn defines a bounded operator from Lp((0,∞)n,
n∏
j=1
x
2λj
j dx) into itself, for
every 1 < p < ∞. We complete this result analyzing the behavior of gλ1,...,λn on L1((0,∞)n,
n∏
j=1
x
2λj
j dx).
Theorem 1.2. Let λj > −1/2, j = 1, . . . , n. Then, the operator gλ1,...,λn is bounded from
L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx).
The Bessel operator ∆λ can be factorized as follows
∆λ = −x−2λ d
dx
(
x2λ
d
dx
)
=
(
d
dx
)∗
d
dx
,
where (
d
dx
)∗ denotes the formal adjoint of
d
dx
in L2((0,∞)n,
n∏
j=1
x
2λj
j dx). According to [22,
Section 16] and [29] we define, for every i = 1, . . . , n, the i-th Riesz transform Rλ1,...,λni associated
with ∆λ1,...,λn by
Rλ1,...,λni f =
∂
∂xi
∆
−1/2
λ1,...,λn
f, f ∈ C∞c ((0,∞)n).
Here ∆−1/2λ1,...,λn represents the negative square root of ∆λ1,...,λn whose definition will be specified
later (see Section 4). Lp-boundedness properties of the Riesz transforms Rλ1,...,λni , i = 1, . . . , n,
are established in the following.
Theorem 1.3. Let λj > −1/2, j = 1, . . . , n, and i = 1, . . . , n. For every f ∈ C∞c ((0,∞)n),
∆
−1/2
λ1,...,λn
f admits derivative with respect to xi on almost all (0,∞)n and
∂
∂xi
∆
−1/2
λ1,...,λn
f(x) = lim
ε→0+
∫
|x−y|>ε
Rλ1,...,λni (x, y)f(y)
n∏
j=1
y
2λj
j dy, a.e. x ∈ (0,∞)n,
where
Rλ1,...,λni (x, y) =
1√
pi
∫ ∞
0
∂
∂xi
Wλ1,...,λnt (x, y)
dt√
t
, x, y ∈ (0,∞)n,
and Wλ1,...,λnt (x, y) represents the kernel of the operator W
λ1,...,λn
t , for every t > 0 (see (1) for
definitions).
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Moreover, the maximal operator Rλ1,...,λni,∗ defined by
Rλ1,...,λni,∗ (f)(x) = sup
ε>0
∣∣∣∣∣∣
∫
|x−y|>ε
Rλ1,...,λni (x, y)f(y)
n∏
j=1
y
2λj
j dy
∣∣∣∣∣∣ , x ∈ (0,∞)n,
is bounded from Lp((0,∞)n,
n∏
j=1
x
2λj
j dx) into itself, for every 1 < p < ∞, and from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx). The Riesz transform R
λ1,...,λn
i can be extended to
Lp((0,∞)n,
n∏
j=1
x
2λj
j dx) by
Rλ1,...,λni (f)(x) = lim
ε→0+
∫
|x−y|>ε
Rλ1,...,λni (x, y)f(y)
n∏
j=1
y
2λj
j dy, a.e. x ∈ (0,∞)n,
for every f ∈ Lp((0,∞)n,
n∏
j=1
x
2λj
j dx), 1 ≤ p < ∞, that is a bounded operator from Lp((0,∞)n,
n∏
j=1
x
2λj
j dx) into itself, 1 < p <∞, and from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx).
We now recall some definitions and properties that will be useful in the sequel. If Jν denotes
the Bessel function of the first kind and order ν > −1, we have that, when λ > −1/2,
∆λ,x
(
(xz)−λ+1/2Jλ−1/2(xz)
)
= z2(xz)−λ+1/2Jλ−1/2(xz), x, z ∈ (0,∞).
Then, the heat semigroup {Wλt }t>0 generated by ∆λ,x is given by
Wλt (f)(x) =
∫ ∞
0
Wλt (x, y)f(y)y
2λdy,
where
Wλt (x, y) =
∫ ∞
0
e−tz
2
(xz)−λ+1/2Jλ−1/2(xz)(yz)−λ+1/2Jλ−1/2(yz)z2λdz, t, x, y ∈ (0,∞).
Moreover, according to [34, p. 195], we can write
Wλt (x, y) =
(xy)−λ+1/2
2t
Iλ−1/2
(xy
2t
)
e−(x
2+y2)/4t, t, x, y ∈ (0,∞),
where Iν represents the modified Bessel function of the first kind and order ν > −1.
The heat semigroup {Wλ1,...,λnt }t>0 associated with the multidimensional Bessel operator
∆λ1,...,λn is defined by
Wλ1,...,λnt (f)(x) =
∫
(0,∞)n
Wλ1,...,λnt (x, y)f(y)
n∏
j=1
y
2λj
j dy,
being
(1) Wλ1,...,λnt (x, y) =
n∏
j=1
W
λj
t (xj , yj), x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ (0,∞)n.
The following properties of the modified Bessel function Iν , ν > −1, will be used (see [19]
and [34]). Iν admits the following series representation
(2) Iν(z) =
∞∑
k=0
(z/2)
2k+ν
k! Γ(ν + k + 1)
, z ∈ (0,∞).
Then,
(3) Iν(z) ∼ 1
2νΓ(ν + 1)
zν , as z → 0+.
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Also,
(4) Iν(z) =
ez√
2piz
(
m∑
k=0
(−1)k[ν, k](2z)−k +O( 1
zm+1
)
)
, m ∈ N, z ∈ (0,∞),
where [ν, 0] = 1 and
[ν, k] =
(4ν2 − 1)(4ν2 − 32) · · · (4ν2 − (2k − 1)2)
22kΓ(k + 1)
, k = 1, 2, . . . .
From (2) it is easy to deduce that
(5)
d
dz
(
z−νIν(z)
)
= z−νIν+1(z), z ∈ (0,∞).
Asymptotic expansion (4) allows us to connect the operators (maximal operators, g-functions
and Riesz transforms) associated with ∆λ1,...,λn with the corresponding operators in the classical
Euclidean setting in a local region that is close to the diagonal in (0,∞)n. This is a crucial point
in the proof of our theorems. The proof of Theorems 1.2 and 1.3 is more involved that the one
of the Theorem 1.1 because the maximal operator Wλ1,...,λn∗ is positive while Littlewood-Paley
g-function and Riesz transforms are not positive operators.
This paper is organized as follows. In Section 2 we prove Theorem 1.1, Theorem 1.2 is showed
in Section 3 and a proof of Theorem 1.3 is presented in Section 4.
Throughout this paper we will use repeatedly without saying it that, for every k ∈ N, there
exists Ck > 0 such that zke−z ≤ Ck, z > 0. Always by C we denote a suitable positive constant
that can change from one line to the other one.
2. Proof of Theorem 1.1
In this section we prove that the maximal operator
Wλ1,...,λn∗ (f)(x) = sup
t>0
∣∣∣∣∣∣
∫
(0,∞)n
n∏
j=1
W
λj
t (xj , yj)f(y)
n∏
j=1
y
2λj
j dy
∣∣∣∣∣∣ , x ∈ (0,∞)n,
where λj > −1/2, j = 1, . . . , n, is bounded from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx).
By Wt we denote the classical heat kernel in one dimension, that is,
Wt(x, y) =
1
2
√
pit
e−(x−y)
2/4t, t ∈ (0,∞), x, y ∈ R.
We will split the region (0,∞)n of integration in several parts and study each of the operators
that appear associated with every part.
Firstly we analyze some auxiliary operators that will be useful in the sequel. The Hardy type
operator H∞ defined by
H∞(g)(x) =
∫ ∞
x
g(y)
y
dy, x ∈ (0,∞),
is bounded from L1((0,∞), x2αdx) into itself when α > −1/2. Then, for every k ∈ N, the
operator
Hk∞(g)(x) =
∫ ∞
x1
· · ·
∫ ∞
xk
g(y1, y2, . . . , yk)
y1y2 . . . yk
dyk · · · dy1, x = (x1, . . . , xk) ∈ (0,∞)k,
is bounded from L1((0,∞)k,
k∏
j=1
x
2αj
j dx) into itself provided that αj > −1/2, j = 1, . . . , k.
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Suppose that k ∈ N and αj > −1/2, j = 1, . . . , k. We define the operator Lα1,...,αk by
Lα1,...,αk(g)(x) =
1(
k∑
j=1
xj
)2 k∑
j=1
(αj+1/2)
∫ x1
0
· · ·
∫ xk
0
g(y)
k∏
j=1
y
2αj
j dy, x ∈ (0,∞)k.
Lα1,...,αk is bounded from L1((0,∞)k,
k∏
j=1
x
2αj
j dx) into L
1,∞((0,∞)k,
k∏
j=1
x
2αj
j dx). Indeed, let
g ∈ L1((0,∞)k,
k∏
j=1
x
2αj
j dx) and γ > 0. By denoting mα1,...,αk the measure
k∏
j=1
x
2αj
j dx we have
that
mα1,...,αk({x ∈ (0,∞)k : |Lα1,...,αk(g)(x)| > γ})
≤ mα1,...,αk
({
x ∈ (0,∞)k :
 k∑
j=1
xj
−2
k∑
j=1
(αj+1/2)
‖g‖
L1((0,∞)k,
k∏
j=1
x
2αj
j dx)
> γ
})
= mα1,...,αk
({
x ∈ (0,∞)k :
k∑
j=1
xj <
 1
γ
‖g‖
L1((0,∞)k,
k∏
j=1
x
2αj
j dx)
1/(2
k∑
j=1
(αj+1/2)) })
≤ mα1,...,αk(Q),
where Q =
k∏
j=1
[0, ( 1γ ‖g‖
L1((0,∞)k,
k∏
j=1
x
2αj
j dx)
)
1/(2
k∑
j=1
(αj+1/2))
].
Since,
mα1,...,αk(Q) ≤
C
γ
‖g‖
L1((0,∞)k,
k∏
j=1
x
2αj
j dx)
,
it concludes that
mα1,...,αk({x ∈ (0,∞)k : |Lα1,...,αk(g)(x)| > γ}) ≤
C
γ
‖g‖
L1((0,∞)k,
k∏
j=1
x
2αj
j dx)
.
Let αj ∈ R, j = 1, . . . , k, with k ∈ N, we define the local Hardy type operator Hα1,...,αkloc by
Hα1,...,αkloc (g)(x) =
1
k∏
j=1
x
2αj+1
j
∫ 2x1
x1/2
· · ·
∫ 2xk
xk/2
g(y)
k∏
j=1
y
2αj
j dy, x = (x1, . . . , xk) ∈ (0,∞)k.
It is not hard to see that Hα1,...,αkloc is bounded from L
1((0,∞)k,
k∏
j=1
x
2αj
j dx) into itself.
Also we consider the local maximal operator Wα1,...,αk∗,loc defined by
Wα1,...,αk∗,loc (g)(x) = sup
t>0
∣∣∣∣∣∣
∫ 2x1
x1/2
· · ·
∫ 2xk
xk/2
k∏
j=1
(xjyj)
−αjWt(xj , yj)g(y)
k∏
j=1
y
2αj
j dy
∣∣∣∣∣∣ , x ∈ (0,∞)k.
Wα1,...,αk∗,loc is bounded from L1((0,∞)k,
k∏
j=1
x
2αj
j dx) into L
1,∞((0,∞)k,
k∏
j=1
x
2αj
j dx). Indeed, for
every j = (j1, . . . , jk) ∈ Zk, we denote by Qj the dyadic cube Qj =
k∏
i=1
[2ji , 2ji+1]. Also, for
every x ∈ (0,∞)k, D(x) represents the following set
D(x) = {y = (y1, . . . , yk) ∈ (0,∞)k : xj/2 < yj < 2xj , j = 1, . . . , k}.
Note that, if x ∈ Qj and y ∈ D(x), then 2ji−1 ≤ yi ≤ 2ji+2, i = 1, . . . , k.
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Hence, it has
Wα1,...,αk∗,loc (g)(x) ≤ sup
t>0
∫ 2j1+2
2j1−1
· · ·
∫ 2jk+2
2jk−1
k∏
i=1
(xiyi)
−αiWt(xi, yi)|g(y)|
k∏
i=1
y2αii dy
≤ C sup
t>0
∫ 2j1+2
2j1−1
· · ·
∫ 2jk+2
2jk−1
k∏
i=1
Wt(xi, yi)|g(y)|dy, x ∈ Qj ,
where C > 0 does not depend on j ∈ Zk.
If we denote, for every j = (j1, . . . , jk) ∈ Zk, by Dj the set
Dj = {y = (y1, . . . , yk) ∈ (0,∞)k : 2ji−1 < yj < 2ji+2, i = 1, . . . , k},
since, as it is well known, the maximal operator
W∗(f)(x) = sup
t>0
∣∣∣∣∣
∫
Rk
k∏
i=1
Wt(xi, yi)f(y)dy
∣∣∣∣∣ , x ∈ Rk,
is bounded from L1(Rk, dx) into L1,∞(Rk, dx), it follows, for every γ > 0, that
mα1,...,αk({x ∈ (0,∞)k : Wα1,...,αk∗,loc (g)(x) > γ})
=
∑
j∈Zk
mα1,...,αk({x ∈ Qj : Wα1,...,αk∗,loc (g)(x) > γ})
≤ C
∑
j∈Zk
2
k∑
i=1
2jiαi
m
(k)
0 ({x ∈ Qj : Wα1,...,αk∗,loc (g)(x) > γ})
≤ C
∑
j∈Zk
2
k∑
i=1
2jiαi
m
(k)
0 ({x ∈ Rk : W∗(χDj |g|)(x) > γM})
≤ C
γ
∑
j∈Zk
2
k∑
i=1
2jiαi
∫
Dj
|g(y)|dy
≤ C
γ
∑
j∈Zk
∫
Dj
|g(y)|
k∏
i=1
y2αii dy
≤ C
γ
‖g(y)‖
L1((0,∞)k,
k∏
i=1
x
2αi
i dx)
, g ∈ L1((0,∞)k,
k∏
i=1
x2αii dx).
Here m(k)0 denotes the usual Lebesgue measure on Rk and M is a suitable positive constant that
does not depend on j ∈ Zk.
We now define, for every 1 ≤ l ≤ k, l, k ∈ N, and αj > −1/2, j = 1, . . . , k, the operator
H α1,...,αkl,k (g)(x) =
∫ x1/2
0
· · ·
∫ xl/2
0
∫ 2xl+1
xl+1/2
· · ·
∫ 2xk
xk/2
k∏
j=l+1
(xjyj)
−αj
× g(y)(
k∑
j=1
(xj − yj)2
)ε k∏
j=1
y
2αj
j dy, x = (x1, . . . , xk) ∈ (0,∞)k,
where ε =
l∑
j=1
(αj+1/2)+(k−l)/2. By proceeding as in [23, Case 3], we can prove thatH α1,...,αkl,k
is bounded from L1((0,∞)k,
k∏
j=1
x
2αj
j dx) into L
1,∞((0,∞)k,
k∏
j=1
x
2αj
j dx).
In order to study the operator Wλ1,...,λn∗ we use the estimates (3) and (4) and divide, for
every j = 1, . . . , n, the region (0,∞)× (0,∞) in three parts: one of them is close to the diagonal
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{(xj , yj) : xj = yj} and the other two ones are far from the diagonal.
Our result will be proved when we see that, for every 0 ≤ l ≤ m ≤ n, l,m, n ∈ N the operator
Sλ1,...,λnl,m defined by
Sλ1,...,λnl,m (f)(x) = sup
t>0
∫ x1/2
0
· · ·
∫ xl/2
0
∫ 2xl+1
xl+1/2
· · ·
∫ 2xm
xm/2
∫ ∞
2xm+1
· · ·
∫ ∞
2xn
n∏
j=1
W
λj
t (xj , yj)|f(y)|
n∏
j=1
y
2λj
j dy, x = (x1, . . . , xn) ∈ (0,∞)n,
is bounded from L1((0,∞)n,
n∏
j=1
x
2αj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2αj
j dx).
According to [8, Lemma 4], we have that
(6) 0 ≤Wλt (x, y) ≤ Cy−2λ−1, 2x < y <∞ and t > 0,
provided that λ > −1/2. Then, for every 0 ≤ l ≤ m ≤ n, l,m, n ∈ N,
Sλ1,...,λnl,m (f)(x) ≤C sup
t>0
∫ x1/2
0
· · ·
∫ xl/2
0
∫ 2xl+1
xl+1/2
· · ·
∫ 2xm
xm/2
m∏
j=1
W
λj
t (xj , yj)
×
(∫ ∞
2xm+1
· · ·
∫ ∞
2xn
|f(y)|
ym+1 · · · yn dyn · · · ym+1
)
m∏
j=1
y
2λj
j dym · · · dy1, x ∈ (0,∞)n.
Hence, since the operator Hn−m∞ is bounded from L1((0,∞)n−m,
n−m∏
j=1
x
2αj
j dx) into itself, for
every 0 ≤ m < n, m ∈ N, by [14, Proposition 1], we must show that, for every 0 ≤ l ≤ m ≤ n,
l,m ∈ N, and αj > −1/2, j = 1, . . . , n, the operator S α1,...,αml,m defined by
S α1,...,αml,m (g)(x) = sup
t>0
∫ x1
2
0
· · ·
∫ xl
2
0
∫ 2xl+1
xl+1
2
· · ·
∫ 2xm
xm
2
m∏
j=1
W
αj
t (xj , yj)|g(y)|
m∏
j=1
y
2αj
j dy, x ∈ (0,∞)m,
is bounded from L1((0,∞)m,
m∏
j=1
x
2αj
j dx) into L
1,∞((0,∞)m,
m∏
j=1
x
2αj
j dx).
Let l,m ∈ N such that 0 ≤ l ≤ m ≤ n and let αj > −1/2, j = 1, . . . ,m. According to (4) we
get
0 ≤Wλt (x, y) ≤ C
(xy)−λ√
t
e−
(x−y)2
4t ≤ C (xy)
−λ
√
t
e−
x2
16t ≤ C (xy)
−λ−1/2
√
t
xe−
x2
16t ≤ C e
− x220t
tλ+1/2
,(7)
provided that 0 < y < x/2 <∞, t > 0, xy/t ≥ 1 and λ > −1/2.
Also by (3) it obtains
(8) 0 ≤Wλt (x, y) ≤ C
1
tλ+1/2
e−(x
2+y2)/4t ≤ C 1
tλ+1/2
e−x
2/4t,
when t, x, y ∈ (0,∞), xy/t ≤ 1 and λ > −1/2.
By combining (7) and (8) it follows that, for every λ > −1/2,
(9) 0 ≤Wλt (x, y) ≤ C
1
tλ+1/2
e−x
2/20t, 0 < y < x/2 and t > 0.
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Then,
S α1,...,αmm,m (g)(x) ≤ C
∫ x1/2
0
· · ·
∫ xm/2
0
sup
t>0
e
−
m∑
j=1
x2j/20t
t
m∑
j=1
(αj+1/2)
|g(y)|
m∏
j=1
y
2αj
j dy
≤ C 1(
m∑
j=1
x2j
) m∑
j=1
(αj+1/2)
∫ x1/2
0
· · ·
∫ xm/2
0
|g(y)|
m∏
j=1
y
2αj
j dy
≤ CLα1,...,αm(|g|)(x), x ∈ (0,∞)m.
Hence,S α1,...,αmm,m is a bounded operator from L1((0,∞)m,
m∏
j=1
x
2αj
j dx) into L
1,∞((0,∞)m,
m∏
j=1
x
2αj
j
dx).
We now analyze the operator S α1,...,αm0,m . Again, according to (3) and (4), it gets, if λ > −1/2,
(10) 0 ≤Wλt (x, y) ≤ C
(xy)−λ√
t
e−(x−y)
2/4t, t, x, y ∈ (0,∞) and xy
t
≥ 1,
and
(11) 0 ≤Wλt (x, y) ≤ C
e−(x
2+y2)/4t
tλ+1/2
≤ C 1
x2λ+1
, t, x, y ∈ (0,∞) and xy
t
≤ 1.
From (10) and (11) it infers that, if λ > −1/2,
(12) 0 ≤Wλt (x, y) ≤ C
(
(xy)−λ√
t
e−(x−y)
2/4t +
1
x2λ+1
)
, t, x, y ∈ (0,∞).
Then (12) implies that the operator S α1,...,αm0,m is bounded from L
1((0,∞)m,
m∏
j=1
x
2αj
j dx) into
L1,∞((0,∞)m,
m∏
j=1
x
2αj
j dx) when this property is established for the operator D
α1,...,αm
l,m defined,
for every 0 ≤ l ≤ m, l ∈ N, by
Dα1,...,αml,m (g)(x) = sup
t>0
∫ 2x1
x1/2
· · ·
∫ 2xl
xl/2
l∏
j=1
(xjyj)
−αj
√
t
e−(xj−yj)
2/4t
×
 1m∏
j=l+1
x
2αj+1
j
∫ 2xl+1
xl+1/2
· · ·
∫ 2xm
xm/2
|g(y)|
m∏
j=l+1
y
2αj
j dyj
 l∏
j=1
y
2αj
j dyj , x ∈ (0,∞)m.
Since the operator Wα1,...,αl∗,loc , 0 < l ≤ m, is bounded from L1((0,∞)l,
l∏
j=1
x
2αj
j dx) into L
1,∞(
(0,∞)l,
l∏
j=1
x
2αj
j dx) and the operator H
αl+1,...,αm
loc , 0 < l ≤ m, is bounded from L1((0,∞)m−l,
m∏
j=l+1
x
2αj
j dx) into itself, from [14, Proposition 1], it follows that D
α1,...,αm
l,m is bounded from
L1((0,∞)m,
m∏
j=1
x
2αj
j dx) into L
1,∞((0,∞)m,
m∏
j=1
x
2αj
j dx), for every 0 ≤ l ≤ m, l ∈ N.
Assume that 0 < l < m. Since the operator Lα1,...,αk , k ∈ N, es bounded from L1((0,∞)k,
k∏
j=1
x
2αj
j dx) into L
1,∞((0,∞)k,
k∏
j=1
x
2αj
j dx) and the operator H
α1,...,αk
loc , k ∈ N, is bounded from
L1((0,∞)k,
k∏
j=1
x
2αj
j dx) into itself, by taking into account [14, Proposition 1], (9) and (12),
in order to prove that the operator S α1,...,αml,m is bounded from L
1((0,∞)m,
m∏
j=1
x
2αj
j dx) into
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L1,∞((0,∞)m,
m∏
j=1
x
2αj
j dx), it is sufficient to see this property for the operator
Tα1,...,αml,m (g)(x) = sup
t>0
∫ x1/2
0
· · ·
∫ xl/2
0
∫ 2xl+1
xl+1/2
· · ·
∫ 2xm
xm/2
l∏
j=1
1
tαj+1/2
e−x
2
j/20t
×
m∏
j=l+1
(xjyj)
−αj
√
t
e−(xj−yj)
2/4t|g(y)|
m∏
j=1
y
2αj
j dy, x ∈ (0,∞)m.
We have that
Tα1,...,αml,m (g)(x) ≤ sup
t>0
∫ x1/2
0
· · ·
∫ xl/2
0
∫ 2xl+1
xl+1/2
· · ·
∫ 2xm
xm/2
m∏
j=l+1
(xjyj)
−αj
× e
−(
l∑
j=1
x2j+
m∑
j=l+1
(xj−yj)2)/20t
t
l∑
j=1
(αj+1/2)+(m−l)/2
|g(y)|
m∏
j=1
y
2αj
j dy
≤C
∫ x1/2
0
· · ·
∫ xl/2
0
∫ 2xl+1
xl+1/2
· · ·
∫ 2xm
xm/2
m∏
j=l+1
(xjyj)
−αj
× 1(
l∑
j=1
x2j +
m∑
j=l+1
(xj − yj)2
) l∑
j=1
(αj+1/2)+(m−l)/2
|g(y)|
m∏
j=1
y
2αj
j dy
≤CH α1,...,αml,m (|g|)(x), x = (x1, . . . , xm) ∈ (0,∞)m.
Then, Tα1,...,αml,m is bounded from L
1((0,∞)m,
m∏
j=1
x
2αj
j dx) into L
1,∞((0,∞)m,
m∏
j=1
x
2αj
j dx), be-
cause H α1,...,αml,m has this property.
Thus the proof of Theorem 1.1 is finished. 
3. Proof of Theorem 1.2
We are going to see that the Littlewood-Paley g-function associated with the heat semigroup
{Wλ1,...,λnt }t>0 and given by
gλ1,...,λn(f)(x) =
{∫ ∞
0
∣∣∣∣t ∂∂tWλ1,...,λnt (f)(x)
∣∣∣∣2 dtt
}1/2
, x ∈ (0,∞)n,
defines a bounded operator from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx), when
λj > −1/2, j = 1, . . . , n.
For each x ∈ (0,∞)n, we consider the local operator gλ1,...,λnloc defined by
gλ1,...,λnloc (f)(x) =

∫ ∞
0
t
∣∣∣∣∣∣ ∂∂t
∫ 2x1
x1/2
· · ·
∫ 2xn
xn/2
n∏
j=1
(xjyj)
−λj e
−(xj−yj)2/4t
√
t
f(y)
n∏
j=1
y
2λj
j dy
∣∣∣∣∣∣
2
dt

1/2
.
Minkowski’s inequality leads us to
|gλ1,...,λn(f)(x)− gλ1,...,λnloc (f)(x)|
≤

∫ ∞
0
t
∣∣∣∣∣∣ ∂∂t
∫
(0,∞)n
 n∏
j=1
W
λj
t (xj , yj)−
n∏
j=1
χ{xj/2<yj<2xj}(yj)(xjyj)
−λj
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×e
−(xj−yj)2/4t
2
√
pit
)
f(y)
n∏
j=1
y
2λj
j dy
∣∣∣∣∣∣
2
dt

1/2
, x = (x1, . . . , xn) ∈ (0,∞)n.
Our proof is divided in two steps:
Claim 1. The operator gλ1,...,λnloc is bounded from L
1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx).
Claim 2. The operator Gλ1,...,λn defined by
Gλ1,...,λn(f)(x) =

∫ ∞
0
t
∣∣∣∣∣∣ ∂∂t
∫
(0,∞)n
 n∏
j=1
W
λj
t (xj , yj)−
n∏
j=1
χ{xj/2<yj<2xj}(yj)(xjyj)
−λj
×e
−(xj−yj)2/4t
2
√
tpi
)
f(y)
n∏
j=1
y
2λj
j dy
∣∣∣∣∣∣
2
dt

1/2
, x = (x1, . . . , xn) ∈ (0,∞)n.
is bounded from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx).
We prove firstly Claim 1. It is sufficient to show that the operator
gλ1,...,λn1,loc (f)(x) =

∫ ∞
0
t
∣∣∣∣∣∣
∫ 2x1
x1/2
· · ·
∫ 2xn
xn/2
(x1y1)
−λ1 ∂
∂t
(
e−(x1−y1)
2/4t
√
t
)
n∏
j=2
(xjyj)
−λj
×e
−(xj−yj)2/4t
√
t
f(y)
n∏
j=1
y
2λj
j dy
∣∣∣∣∣∣
2
dt

1/2
, x = (x1, . . . , xn) ∈ (0,∞)n,
is bounded from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx). When the derivative
acts on any other factor the operator that appears can be analyzed in a similar way.
For every m = (m1, . . . ,mn) ∈ Zn the operator Y λ1,...,λnm is defined by
Y λ1,...,λnm (f)(x) =χ n∏
j=1
[2mj ,2mj+1)
(x)

∫ ∞
0
t
∣∣∣∣∣∣
∫
(0,∞)n
χ n∏
j=1
[2mj−1,2mj+2)
(y)(x1y1)
−λ1
× ∂
∂t
(
e−(x1−y1)
2/4t
√
t
)
n∏
j=2
(xjyj)
−λj e
−(xj−yj)2/4t
√
t
f(y)
n∏
j=1
y
2λj
j dy
∣∣∣∣∣∣
2
dt

1/2
=χ n∏
j=1
[2mj ,2mj+1)
(x)
n∏
j=1
x
−λj
j
{∫ ∞
0
t
∣∣∣∣∣
∫
(0,∞)n
∂
∂t
(
e−(x1−y1)
2/4t
√
t
)
×
n∏
j=2
e−(xj−yj)
2/4t
√
t
fm(y)dy
∣∣∣∣∣∣
2
dt

1/2
, x = (x1, . . . , xn) ∈ (0,∞)n,
where fm(y) = χ n∏
j=1
[2mj−1,2mj+2)
(y)f(y)
n∏
j=1
y
λj
j , y = (y1, . . . , yn) ∈ (0,∞)n.
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Let γ > 0. We can write, for each f ∈ L1((0,∞)n,
n∏
j=1
x
2λj
j dx),
mλ1,...,λn({x ∈ (0,∞)n : gλ1,...,λn1,loc (f)(x) > γ})
≤mλ1,...,λn
(
{x ∈ (0,∞)n : |gλ1,...,λn1,loc (f)(x)−
∑
m∈Zn
Y λ1,...,λnm (f)(x)|
+
∑
m∈Zn
Y λ1,...,λnm (f)(x) > γ}
)
=mλ1,...,λn({x ∈ (0,∞)n : |gλ1,...,λn1,loc (f)(x)−
∑
m∈Zn
Y λ1,...,λnm (f)(x)| > γ/2})
+mλ1,...,λn({x ∈ (0,∞)n :
∑
m∈Zn
Y λ1,...,λnm (f)(x) > γ/2})
=mλ1,...,λn({x ∈ (0,∞)n : |gλ1,...,λn1,loc (f)(x)−
∑
m∈Zn
Y λ1,...,λnm (f)(x)| > γ/2})(13)
+
∑
m∈Zn
mλ1,...,λn({x ∈
n∏
j=1
[2mj , 2mj+1) : Y λ1,...,λnm (f)(x) > γ/2}).
For every m ∈ Zn, it has
mλ1,...,λn({x ∈
n∏
j=1
[2mj , 2mj+1) : Y λ1,...,λnm (f)(x) > γ/2})
≤C2
2
n∑
j=1
mjλj
m
(n)
0 ({x ∈
n∏
j=1
[2mj , 2mj+1) : g1(fm)(x) > Mγ2
n∑
j=1
mjλj}),
where C,M > 0 are suitable constants that do not depend on m ∈ Zn, and g1 represents the
classical Littlewood-Paley g-function defined by
g1(F )(x) =

∫ ∞
0
t
∣∣∣∣∣∣
∫
Rn
∂
∂t
(
e−(x1−y1)
2/4t
2
√
pit
)
n∏
j=2
e−(xj−yj)
2/4t
2
√
pit
F (y)dy
∣∣∣∣∣∣
2
dt

1/2
, x ∈ Rn.
Since, as it is well known, g1 is a bounded operator from L1(Rn, dx) into L1,∞(Rn, dx), we
deduce that,
mλ1,...,λn({x ∈
n∏
j=1
[2mj , 2mj+1) : Y λ1,...,λnm (f)(x) > γ/2})
≤C
γ
2
n∑
j=1
mjλj‖fm‖L1(Rn,dx)
=
C
γ
2
n∑
j=1
mjλj
∫
n∏
j=1
[2mj−1,2mj+2)
|f(y)|
n∏
j=1
y
λj
j dy
≤C
γ
∫
n∏
j=1
[2mj−1,2mj+2)
|f(y)|
n∏
j=1
y
2λj
j dy.
Hence, we obtain
∑
m∈Zn
mλ1,...,λn({x ∈
n∏
j=1
[2mj , 2mj+1) : Y λ1,...,λnm (f)(x) >
γ
2
}) ≤ C
γ
‖f‖
L1((0,∞)n,
n∏
j=1
x
2λj
j dx)
.(14)
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On the other hand, it has that
mλ1,...,λn({x ∈ (0,∞)n : |gλ1,...,λn1,loc (f)(x)−
∑
m∈Zn
Y λ1,...,λnm (f)(x)| > γ/2})(15)
=
∑
m∈Zn
mλ1,...,λn({x ∈
n∏
j=1
[2mj , 2mj+1) : |gλ1,...,λn1,loc (f)(x)− Y λ1,...,λnm (f)(x)| > γ/2}).
Fix m = (m1, . . . ,mn) ∈ Zn. We consider, for every x ∈
n∏
j=1
[2mj , 2mj+1), the set
A(x) =
n∏
j=1
[2mj−1, 2mj+2)\
n∏
j=1
[xj/2, 2xj).
It is clear that
A(x) =
n⋃
l=1
(Bl(x) ∪ Cl(x)) , x ∈
n∏
j=1
[2mj , 2mj+1),
where, for every x ∈
n∏
j=1
[2mj , 2mj+1) and l = 1, . . . , n,
Bl(x) = {y ∈ (0,∞)n : 2mj−1 ≤ yj ≤ 2mj+2, j = 1, . . . , n, j 6= l; 2ml−1 ≤ yl < xl/2}
and
Cl(x) = {y ∈ (0,∞)n : 2mj−1 ≤ yj ≤ 2mj+2, j = 1, . . . , n, j 6= l; 2xl ≤ yl < 2ml+2}.
We get by using Minkowski’s inequality, for every x ∈
n∏
j=1
[2mj , 2mj+1),
|gλ1,...,λn1,loc (f)(x)− Y λ1,...,λnm (f)(x)|
≤
n∏
j=1
x
−λj
j

∫ ∞
0
t
∣∣∣∣∣∣
n∑
l=1
(∫
Bl(x)
+
∫
Cl(x)
)
∂
∂t
e− (x1−y1)24t√
t
 n∏
j=2
e−
(xj−yj)2
4t√
t
f(y)
n∏
j=1
y
λj
j dy
∣∣∣∣∣∣
2
dt

1
2
≤
n∑
l=1
 n∏
j=1
x
−λj
j

∫ ∞
0
t
∣∣∣∣∣∣
∫
Bl(x)
∂
∂t
e− (x1−y1)24t√
t
 n∏
j=2
e−
(xj−yj)2
4t√
t
f(y)
n∏
j=1
y
λj
j dy
∣∣∣∣∣∣
2
dt

1
2
+
n∏
j=1
x
−λj
j

∫ ∞
0
t
∣∣∣∣∣∣
∫
Cl(x)
∂
∂t
e− (x1−y1)24t√
t
 n∏
j=2
e−
(xj−yj)2
4t√
t
f(y)
n∏
j=1
y
λj
j dy
∣∣∣∣∣∣
2
dt

1
2

≤
n∑
l=1
 n∏
j=1
x
−λj
j
∫
Bl(x)
|f(y)|

∫ ∞
0
t
∣∣∣∣∣∣ ∂∂t
e− (x1−y1)24t√
t
 n∏
j=2
e−
(xj−yj)2
4t√
t
∣∣∣∣∣∣
2
dt

1
2
n∏
j=1
y
λj
j dy
+
n∏
j=1
x
−λj
j
∫
Cl(x)
|f(y)|

∫ ∞
0
t
∣∣∣∣∣∣ ∂∂t
e− (x1−y1)24t√
t
 n∏
j=2
e−
(xj−yj)2
4t√
t
∣∣∣∣∣∣
2
dt

1
2
n∏
j=1
y
λj
j dy
 .
Since
(16)
∣∣∣∣∣ ∂∂t
(
e−(x1−y1)
2/4t
√
t
)∣∣∣∣∣ ≤ C e−(x1−y1)
2/8t
t3/2
, t, x1, y1 ∈ (0,∞),
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it follows that, for every x ∈
n∏
j=1
[
2mj , 2mj+1
)
,
|gλ1,...,λn1,loc (f)(x)− Y λ1,...,λnm (f)(x)|(17)
≤C
n∑
l=1

n∏
j=1
x
−λj
j
∫
Bl(x)
|f(y)|

∫ ∞
0
e
−
n∑
j=1
(xj−yj)2/8t
tn+1
dt

1/2
n∏
j=1
y
λj
j dy
+
n∏
j=1
x
−λj
j
∫
Cl(x)
|f(y)|

∫ ∞
0
e
−
n∑
j=1
(xj−yj)2/8t
tn+1
dt

1/2
n∏
j=1
y
λj
j dy
 .
By taking into account symmetries we only study the first term, l = 1, in the last sum. Moreover
the analysis of the integrals on B1(x) and C1(x) can be made similarly. We estimates only the
integral on B1(x). Let x ∈
n∏
j=1
[
2mj , 2mj+1
)
. Since |x1 − y1| = x1 − y1 > x1/2 > 2m1−1, when
2m1−1 ≤ y1 < x1/2, we have,
n∏
j=1
x
−λj
j
∫
B1(x)
|f(y)|

∫ ∞
0
e
−
n∑
j=1
(xj−yj)2/4t
tn+1
dt

1/2
n∏
j=1
y
λj
j dy
≤C
n∏
j=1
x
−λj
j
∫
B1(x)
|f(y)|
(22m1−2 +
n∑
j=2
(xj − yj)2)n/2
n∏
j=1
y
λj
j dy
≤C
∫
n∏
j=1
[2mj−1,2mj+2)
|f(y)|
(22m1−2 +
n∑
j=2
(xj − yj)2)n/2
dy
=C
∫
Rn−1
f˜m(y¯)
(22m1−2 +
n∑
j=2
(xj − yj)2)n/2
dy¯,
where y¯ = (y2, . . . , yn) ∈ Rn−1 and f˜m(y¯) = χ n∏
j=2
[2mj−1,2mj+2)
(y¯)
∫ 2m1+2
2m1−1
|f(y1, y¯)|dy1. Then, by
using standard argument it gets
n∏
j=1
x
−λj
j
∫
B1(x)
|f(y)|

∫ ∞
0
e
−
n∑
j=1
(xj−yj)2/4t
tn+1
dt

1/2
n∏
j=1
y
λj
j dy
≤C
( ∞∑
k=0
∫
2k+m1≤|x¯−y¯|<2k+1+m1
f˜m(y¯)
(22m1−2 + |x¯− y¯|2)n2 dy¯ +
∫
|x¯−y¯|<2m1
f˜m(y¯)
(22m1−2 + |x¯− y¯|2)n2 dy¯
)
≤C
∞∑
k=0
1
2(m1+k)n
∫
|x¯−y¯|<2k+m1
f˜m(y¯)dy¯
≤ C
2m1
Mn−1(f˜m)(x¯),
where x¯ = (x2, . . . , xn) and Mn−1 denotes the Hardy-Littlewood maximal function on Rn−1.
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For every β > 0, the maximal function theorem leads to
mλ1,...,λn({x ∈
n∏
j=1
[
2mj , 2mj+1
)
:
n∏
j=1
x
−λj
j
∫
B1(x)
|f(y)|

∫ ∞
0
e
−
n∑
j=1
(xj−yj)2
4t
tn+1
dt

1
2
n∏
j=1
y
λj
j dy > β})
≤mλ1,...,λn({x ∈
n∏
j=1
[
2mj , 2mj+1
)
: Mn−1(f˜m)(x¯) > β2m1M})
≤2
2
n∑
j=1
λjmj
m
(n)
0 ({x ∈
n∏
j=1
[
2mj , 2mj+1
)
: Mn−1(f˜m)(x¯) > β2m1M})
≤2
2
n∑
j=1
λjmj
2m1m
(n−1)
0 ({x¯ ∈ Rn−1 : Mn−1(f˜m)(x¯) > β2m1M})
≤2
2
n∑
j=1
λjmj C
β
‖f˜m‖L1(Rn−1,dx¯)
≤2
2
n∑
j=1
λjmj C
β
∫
n∏
j=1
[2mj−1,2mj+2)
|f(y)|dy
≤C
β
∫
n∏
j=1
[2mj−1,2mj+2)
|f(y)|
n∏
j=1
y
2λj
j dy.
Here, C and M denote positive constants that do not depend on m ∈ Zn, and m(k)0 represents
the Lebesgue measure on Rk.
From (15) and (17) we deduce that
mλ1,...,λn({x ∈ (0,∞)n : |gλ1,...,λn1,loc (f)(x)−
∑
m∈Zn
Y λ1,...,λnm (f)(x)| > γ/2})
≤ C
γ
∑
m∈Zn
∫
n∏
j=1
[2mj−1,2mj+2)
|f(y)|
n∏
j=1
y
2λj
j dy
≤ C
γ
‖f‖
L1((0,∞)n,
n∏
j=1
x
2λj
j dx)
.(18)
Finally, putting together (13), (14) and (18) we conclude that
mλ1,...,λn({x ∈ (0,∞)n : |gλ1,...,λn1,loc (f)(x)| > γ}) ≤
C
γ
‖f‖
L1((0,∞)n,
n∏
j=1
x
2λj
j dx)
.
Thus Claim 1 is established. 
We now prove Claim 2. Minkowski inequality allow us to write
Gλ1,...,λn(f)(x) ≤
n∑
i=1

∫ ∞
0
t
∣∣∣∣∣∣
∫
(0,∞)n
 ∂
∂t
Wλit (xi, yi)
n∏
j=1;j 6=i
W
λj
t (xj , yj)
−
n∏
j=1
χ{xj/2<yj<2xj}(yj)(xiyi)
−λi ∂
∂t
(
e−(xi−yi)
2/4t
2
√
pit
)
×
n∏
j=1;j 6=i
e−(xj−yj)
2/4t
2
√
pit
(xjyj)
−λj
 f(y) n∏
j=1
y
2λj
j dy
∣∣∣∣∣∣
2
dt

1/2
=
n∑
i=1
Gλ1,...,λni (f)(x), x = (x1, . . . , xn) ∈ (0,∞)n.
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By taking into account symmetries to show Claim 2, it is sufficient to prove that Gλ1,...,λn1 defines
a bounded operator from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx).
Again by using Minkoswski inequality we have that
Gλ1,...,λn1 (f)(x) ≤
{∫ ∞
0
t
∣∣∣∣∣
∫
(0,∞)n
(
∂
∂t
Wλ1t (x1, y1)− χ{x1/2<y1<2x1}(y1)(x1y1)−λ1
× ∂
∂t
(
e−(x1−y1)
2/4t
2
√
pit
))
n∏
j=2
W
λj
t (xj , yj)f(y)
n∏
j=1
y
2λj
j dy
∣∣∣∣∣∣
2
dt

1/2
+
n∑
i=2
{∫ ∞
0
t
∣∣∣∣∣
∫
(0,∞)n
χ{x1/2<y1<2x1}(y1)(x1y1)
−λ1 ∂
∂t
(
e−(x1−y1)
2/4t
2
√
pit
)
×
i−1∏
j=2
χ{xj/2<yj<2xj}(yj)(xjyj)
−λj e
−(xj−yj)2/4t
2
√
pit
n∏
j=i+1
W
λj
t (xj , yj)
×
(
Wλit (xi, yi)− χ{xi/2<yi<2xi}(yi)(xiyi)−λi
e−(xi−yi)
2/4t
2
√
pit
)
f(y)
n∏
j=1
y
2λj
j dy
∣∣∣∣∣∣
2
dt

1/2
=
n∑
i=1
Gλ1,...,λn1,i (f)(x), x = (x1, . . . , xn) ∈ (0,∞)n.(19)
We are going to study Gλ1,...,λn1,i , i = 1, . . . , n. Firstly we considerer G
λ1,...,λn
1,1 . By splitting the
integral on y1 ∈ (0,∞) we get
Gλ1,...,λn1,1 (f)(x) ≤

∫ ∞
0
t
∣∣∣∣∣∣
∫ x1/2
0
∫
(0,∞)n−1
∂
∂t
Wλ1t (x1, y1)
n∏
j=2
W
λj
t (xj , yj)f(y)
n∏
j=1
y
2λj
j dy
∣∣∣∣∣∣
2
dt

1
2
+

∫ ∞
0
t
∣∣∣∣∣∣
∫ ∞
2x1
∫
(0,∞)n−1
∂
∂t
Wλ1t (x1, y1)
n∏
j=2
W
λj
t (xj , yj)f(y)
n∏
j=1
y
2λj
j dy
∣∣∣∣∣∣
2
dt

1
2
+
{∫ ∞
0
t
∣∣∣∣∣
∫ 2x1
x1/2
∫
(0,∞)n−1
(
∂
∂t
Wλ1t (x1, y1)− (x1y1)−λ1
∂
∂t
(
e−(x1−y1)
2/4t
2
√
pit
))
×
n∏
j=2
W
λj
t (xj , yj)f(y)
n∏
j=1
y
2λj
j dy
∣∣∣∣∣∣
2
dt

1
2
=
3∑
i=1
Gλ1,...,λn1,1;i (f)(x), x = (x1, . . . , xn) ∈ (0,∞)n.(20)
According to [8, proof of Lemma 8] we have, for every λ > −1/2, t, x, y ∈ (0,∞) and y < x/2,
(21)
∣∣∣∣ ∂∂tWλt (x, y)
∣∣∣∣ ≤ C (xy)−λx2t5/2 e−x2/16t, xy > t,
and
(22)
∣∣∣∣ ∂∂tWλt (x, y)
∣∣∣∣ ≤ C 1tλ+3/2 e−(x2+y2)/8t, xy ≤ t.
From (21) we deduce that, when 0 < y < x/2 <∞,
(23)
∣∣∣∣ ∂∂tWλt (x, y)
∣∣∣∣ ≤ C (xy)−λ−1/2x3t5/2 e−x2/16t ≤ Ctλ+3/2 e−x2/20t, xy > t > 0,
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together with (22), implies that, for every λ > −1/2, t, x, y ∈ (0,∞), and y < x/2,
(24)
∣∣∣∣ ∂∂tWλt (x, y)
∣∣∣∣ ≤ Ctλ+3/2 e−x2/20t.
It will be proved that the operator defined by Gλ1,...,λn1,1;1 (f)(x) is bounded from L
1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx) when we show that, for every 1 ≤ l ≤ m ≤ n, the
operator Sλ1,...,λnl,m defined by
Sλ1,...,λnl,m (f)(x) =
{∫ ∞
0
t
∣∣∣∣∣
∫ x1/2
0
. . .
∫ xl/2
0
∫ 2xl+1
xl+1/2
. . .
∫ 2xm
xm/2
∫ ∞
2xm+1
. . .
∫ ∞
2xn∣∣∣∣ ∂∂tWλ1t (x1, y1)
∣∣∣∣ n∏
j=2
W
λj
t (xj , yj)|f(y)|
n∏
j=1
y
2λj
j dy
∣∣∣∣∣∣
2
dt

1/2
, x ∈ (0,∞)n,
is bounded from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx).
By using (6) since the operator Hk∞ is bounded from L1((0,∞)k,
k∏
j=1
x
2αj
j dx) into itself, for
every k ∈ N and αj > −1/2, j = 1, . . . , k, in order to prove that the operator Sλ1,...,λnl,m ,
1 ≤ l ≤ m ≤ n, is bounded from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx) it is
sufficient to show that the operator
S α1,...,αml,m (f)(x) =
{∫ ∞
0
t
∣∣∣∣∣
∫ x1/2
0
. . .
∫ xl/2
0
∫ 2xl+1
xl+1/2
. . .
∫ 2xm
xm/2
∣∣∣∣ ∂∂tWα1t (x1, y1)
∣∣∣∣
×
m∏
j=2
W
αj
t (xj , yj)|f(y)|
m∏
j=1
y
2αj
j dy
∣∣∣∣∣∣
2
dt

1/2
, x = (x1, . . . , xm) ∈ (0,∞)m,
is bounded from L1((0,∞)m,
m∏
j=1
x
2αj
j dx) into L
1,∞((0,∞)m,
m∏
j=1
x
2αj
j dx), for every αj > −1/2,
j = 1, . . .m, and 1 ≤ l ≤ m.
Let αj > −1/2, j = 1, . . .m. According to (9) and (24), we can write
S α1,...,αmm,m (f)(x) ≤ C

∫ ∞
0
t
∣∣∣∣∣∣∣∣
∫ x1/2
0
. . .
∫ xm/2
0
e
−(
m∑
j=1
x2j )/20t
t
m∑
j=1
(αj+1/2)+1
|f(y)|
m∏
j=1
y
2αj
j dy
∣∣∣∣∣∣∣∣
2
dt

1/2
≤ C

∫ ∞
0
e
−(
m∑
j=1
x2j )/10t
t
2
m∑
j=1
(αj+1/2)+1
dt

1/2 ∫ x1/2
0
. . .
∫ xm/2
0
|f(y)|
m∏
j=1
y
2αj
j dy
≤ CLα1,...,αm(|f |)(x), x = (x1, . . . , xm) ∈ (0,∞)m.
Then, S α1,...,αmm,m is bounded from L1((0,∞)m,
m∏
j=1
x
2αj
j dx) into L
1,∞((0,∞)m,
m∏
j=1
x
2αj
j dx), be-
cause Lα1,...,αm has this property.
Assume that 1 ≤ l < m. By (12), since Hα1,...,αkloc , 1 ≤ k ≤ m, is bounded from L1((0,∞)k,
k∏
j=1
x
2αj
j dx) into itself and S
α1,...,αm
m,m from L1((0,∞)k,
k∏
j=1
x
2αj
j dx) into L
1,∞((0,∞)k,
k∏
j=1
x
2αj
j dx),
[14, Proposition 1] implies thatS α1,...,αml,m is bounded from L
1((0,∞)m,
m∏
j=1
x
2αj
j dx) into L
1,∞((0,∞)m,
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m∏
j=1
x
2αj
j dx), provided that, for every k ∈ N, m < k ≤ n, the operator
Tα1,...,αkl,k (f)(x) =

∫ ∞
0
t
∣∣∣∣∣∣∣∣
∫ x1/2
0
. . .
∫ xl/2
0
∫ 2xl+1
xl+1/2
. . .
∫ 2xk
xk/2
e
−(
l∑
j=1
x2j+
k∑
j=l+1
(xj−yj)2)/20t
t
l∑
j=1
(αj+
1
2 )+1+
k−l
2
×
k∏
j=l+1
(xjyj)
−αj |f(y)|
k∏
j=1
y
2αj
j dy
∣∣∣∣∣∣
2
dt

1/2
, x = (x1, . . . , xk) ∈ (0,∞)k,
has this property. Let k ∈ N, m < k ≤ n. Minkowski’s inequality leads to
Tα1,...,αkl,k (f)(x) ≤C
∫ x1/2
0
. . .
∫ xl/2
0
∫ 2xl+1
xl+1/2
. . .
∫ 2xk
xk/2
k∏
j=l+1
(xjyj)
−αj |f(y)|
×

∫ ∞
0
e
−(
l∑
j=1
x2j+
k∑
j=l+1
(xj−yj)2)/10t
t
2
l∑
j=1
(αj+
1
2 )+1+k−l
dt

1/2
k∏
j=1
y
2αj
j dy
≤CH α1,...,αkl,k (|f |)(x), x = (x1, . . . , xk) ∈ (0,∞)k.
Hence, Tα1,...,αkl,k is bounded from L
1((0,∞)k,
k∏
j=1
x
2αj
j dx) into L
1,∞((0,∞)k,
k∏
j=1
x
2αj
j dx), because
H α1,...,αkl,k has this property.
We have proved that Gλ1,...,λn1,1;1 is bounded from L
1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx).
In order to see that Gλ1,...,λn1,1;2 is bounded from L
1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx), we must prove that, for every 1 < l ≤ m ≤ n, the operator
Sα1,...,αml,m (f)(x) =
{∫ ∞
0
t
∣∣∣∣∣
∫ ∞
2x1
. . .
∫ ∞
2xl
∫ xl+1/2
0
. . .
∫ xm/2
0
∫ 2xm+1
xm+1/2
. . .
∫ 2xn
xn/2∣∣∣∣ ∂∂tWλ1t (x1, y1)
∣∣∣∣ n∏
j=2
W
λj
t (xj , yj)|f(y)|
n∏
j=1
y
2λj
j dy
∣∣∣∣∣∣
2
dt

1/2
, x ∈ (0,∞)m,
is bounded from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx).
Note firstly that if l < m, we can proceed as in the previous cases (in the analysis of Gλ1,...,λn1,1;1 )
to see that Sλ1,...,λnl,m is bounded from L
1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx).
Suppose now that l = m. Since the operator Hk∞ is bounded from L1((0,∞)k,
k∏
j=1
x
2αj
j dx)
into itself, for every αj > −1/2, j = 1, . . . , k, in order to prove that Sλ1,...,λnm,m is bounded from
L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx), it is sufficient to show that the operator
Sα1,...,αkk (f)(x) =

∫ ∞
0
t
∣∣∣∣∣∣
∫ ∞
2x1
∫ 2x2
x2
2
. . .
∫ 2xk
xk
2
∣∣∣∣ ∂∂tWα1t (x1, y1)
∣∣∣∣ k∏
j=2
W
αj
t (xj , yj)|f(y)|
k∏
j=1
y
2αj
j dy
∣∣∣∣∣∣
2
dt

1
2
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is bounded from L1((0,∞)k,
k∏
j=1
x
2αj
j dx) into L
1,∞((0,∞)k,
k∏
j=1
x
2αj
j dx), for every αj > −1/2,
j = 1, . . . , k, and for each x = (x1, . . . , xk) ∈ (0,∞)k.
If αj > −1/2, j = 1, . . . , k, since Hβ1,...,βlloc is bounded from L1((0,∞)l,
l∏
j=1
x
2βj
j dx) into itself
when βj > −1/2, j = 1, . . . , l, and l ∈ N, by taking into account that Wλt (x, y) = Wλt (y, x),
t, x, y ∈ (0,∞), and (12) and (24), the desired property for Sα1,...,αkk follows when we see that
the operator
T β1,...,βlk (f)(x) =

∫ ∞
0
t
∣∣∣∣∣∣∣∣
∫ ∞
2x1
∫ 2x2
x2/2
. . .
∫ 2xl
xl/2
e−
y21+
l∑
j=2
(xj−yj)2
20t
tβ1+
3
2+
l−1
2
l∏
j=2
(xjyj)
−βjf(y)
l∏
j=1
y
2βj
j dy
∣∣∣∣∣∣∣∣
2
dt

1
2
is bounded from L1((0,∞)l,
l∏
j=1
x
2βj
j dx) into L
1,∞((0,∞)l,
l∏
j=1
x
2βj
j dx), for every βj > −1/2,
j = 1, . . . , l, l ∈ N, and x = (x1, . . . , xl) ∈ (0,∞)l.
Let βj > −1/2, j = 1, . . . , l and l ∈ N. Minkowski’s inequality leads to
|T β1,...,βlk (f)(x)| ≤
∫ ∞
2x1
∫ 2x2
x2/2
. . .
∫ 2xl
xl/2

∫ ∞
0
e−
y21+
l∑
j=2
(xj−yj)2
10t
t2β1+l+1
dt

1
2
l∏
j=2
(xjyj)
−βj |f(y)|
l∏
j=1
y
2βj
j dy
≤C
∫ ∞
2x1
∫ 2x2
x2/2
. . .
∫ 2xl
xl/2
l∏
j=2
(xjyj)
−βj |f(y)|
(y21 +
l∑
j=2
(xj − yj)2)β1+ l2
l∏
j=1
y
2βj
j dy, x ∈ (0,∞)l.
Then, by proceeding as in the proof of the main property (Case 3) in [25] we can see that the
operator T β1,...,βlk is bounded from L
1((0,∞)l,
l∏
j=1
x
2βj
j dx) into L
1,∞((0,∞)l,
l∏
j=1
x
2βj
j dx).
We conclude that Gλ1,...,λn1,1;2 defines a bounded operator from L
1((0,∞)n,
n∏
j=1
x
2λj
j dx) into
L1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx).
We are going to work with Gλ1,...,λn1,1;3 . According to [8, proof of Lemma 8] we have, for every
λ > −1/2, that∣∣∣∣ ∂∂tWλt (x, y)− (xy)−λ ∂∂tWt(x, y)
∣∣∣∣ ≤ C (xy)−λ−1√t e−(x−y)2/8t, t, x, y ∈ (0,∞), xy ≥ t,(25)
and
(26)
∣∣∣∣ ∂∂tWλt (x, y)
∣∣∣∣ ≤ C e−(x−y)2/8ttλ+3/2 , t, x, y ∈ (0,∞), xy < t.
By combining (16), (25) and (26) in [[8], Lemma 8] it was established that
(27)
(∫ ∞
0
t
∣∣∣∣ ∂∂tWλt (x, y)− (xy)−λ ∂∂tWt(x, y)
∣∣∣∣2 dt
) 1
2
≤ C
x2λ+1
, 0 <
x
2
< y < 2x,
provided that λ > −1/2.
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The operator defined by Gλ1,...,λn1,1;3 is bounded from L
1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx) provided that, for every 1 ≤ l ≤ m ≤ n and αj > −1/2, j = 1, . . . , n, the operator
Sα1,...,αnl,m (f)(x) =
{∫ ∞
0
t
∣∣∣∣∣
∫ 2x1
x1/2
∣∣∣∣ ∂∂tWα1t (x1, y1)− (x1y1)−α1 ∂∂tWt(x1, y1)
∣∣∣∣ ∫ 2x2x2
2
. . .
∫ 2xl
xl
2∫ xl+1
2
0
. . .
∫ xm
2
0
∫ ∞
2xm+1
. . .
∫ ∞
2xn
n∏
j=2
W
αj
t (xj , yj)|f(y)|
n∏
j=1
y
2αj
j dy
∣∣∣∣∣∣
2
dt

1/2
, x ∈ (0,∞)n,
is bounded from L1((0,∞)n,
n∏
j=1
x
2αj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2αj
j dx).
Suppose that l < m and αj > −1/2, j = 1, . . . , n. According to (27) and by using Minkowski
inequality we obtain that
Sα1,...,αnl,m (f)(x) ≤C
∫ 2x1
x1
2
1
x2α1+11
∫ 2x2
x2
2
. . .
∫ 2xl
xl
2
∫ xl+1
2
0
. . .
∫ xm
2
0
∫ ∞
2xm+1
. . .
∫ ∞
2xn
sup
t>0
n∏
j=2
W
αj
t (xj , yj)|f(y)|
n∏
j=1
y
2αj
j dy, x = (x1, . . . , xn) ∈ (0,∞)n.
In Section 2 it was proved that the operator
Tα2,...,αnl,m (g)(x) =
∫ 2x2
x2
2
. . .
∫ 2xl
xl
2
∫ xl+1
2
0
. . .
∫ xm
2
0
∫ ∞
2xm+1
. . .
∫ ∞
2xn
sup
t>0
n∏
j=2
W
αj
t (xj , yj)|g(y)|
n∏
j=2
y
2αj
j dy, x = (x2, . . . , xn) ∈ (0,∞)n−1,
is bounded from L1((0,∞)n−1,
n∏
j=2
x
2αj
j dx) into L
1,∞((0,∞)n−1,
n∏
j=2
x
2αj
j dx). Moreover, H
α1
loc is
bounded from L1((0,∞), x2α1dx) into itself. Then, [14, Proposition 1] implies that Sα1,...,αnl,m is
a bounded operator from L1((0,∞)n,
n∏
j=1
x
2αj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2αj
j dx).
Since the operator Hk∞ is bounded from L1((0,∞)k,
k∏
j=1
x
2βj
j dx) into itself, for every βj >
−1/2, j = 1, . . . , k, we need only to see that the operator
S β1,...,βkk (g)(x) =
{∫ ∞
0
t
∣∣∣∣∣
∫ 2x1
x1
2
∫ 2x2
x2
2
. . .
∫ 2xk
xk
2
(
∂
∂t
W β1t (x1, y1)− (x1y1)−β1
∂
∂t
Wt(x1, y1)
)
×
k∏
j=2
W
βj
t (xj , yj)g(y)
k∏
j=1
y
2βj
j dy
∣∣∣∣∣∣
2
dt

1/2
, x = (x1, . . . , xk) ∈ (0,∞)k,
is bounded from L1((0,∞)k,
k∏
j=1
x
2βj
j dx) into L
1,∞((0,∞)k,
k∏
j=1
x
2βj
j dx), when βj > −1/2, j =
1, . . . , k, to show that the operator Sα1,...,αnm,m , m = 1, . . . , n, has desired boundedness property.
Let βj > −1/2, j = 1, . . . , k. By (16), (25) and (26) we have that
S β1,...,βkk (g)(x) =
{(∫ x21
0
+
∫ ∞
x21
)
t
∣∣∣∣∣
∫ 2x1
x1
2
∫ 2x2
x2
2
. . .
∫ 2xk
xk
2
(
∂
∂t
W β1t (x1, y1)
− (x1y1)−β1 ∂
∂t
Wt(x1, y1)
) k∏
j=2
W
βj
t (xj , yj)g(y)
k∏
j=1
y
2βj
j dy
∣∣∣∣∣∣
2
dt

1/2
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≤C


∫ x21
0
t
∣∣∣∣∣∣
∫ 2x1
x1
2
. . .
∫ 2xk
xk
2
(x1y1)
−β1−1 e
−(x1−y1)2/8t
√
t
k∏
j=2
W
βj
t (xj , yj)g(y)
k∏
j=1
y
2βj
j dy
∣∣∣∣∣∣
2
dt

1/2
+

∫ ∞
x21
t
∣∣∣∣∣∣
∫ 2x1
x1
2
. . .
∫ 2xk
xk
2
e−(x1−y1)
2/8t
tβ1+3/2
k∏
j=2
W
βj
t (xj , yj)g(y)
k∏
j=1
y
2βj
j dy
∣∣∣∣∣∣
2
dt

1/2
+

∫ ∞
x21
t
∣∣∣∣∣∣
∫ 2x1
x1
2
. . .
∫ 2xk
xk
2
(x1y1)
−β1 ∂
∂t
Wt(x1, y1)
k∏
j=2
W
βj
t (xj , yj)g(y)
k∏
j=1
y
2βj
j dy
∣∣∣∣∣∣
2
dt

1/2

≤C
{∫ x21
0
tdt
}1/2
sup
t>0
∫ 2x1
x1
2
. . .
∫ 2xk
xk
2
(x1y1)
−β1−1 e
−(x1−y1)2/8t
√
t
k∏
j=2
W
βj
t (xj , yj)|g(y)|
k∏
j=1
y
2βj
j dy
+
{∫ ∞
x21
1
t2β1+2
dt
}1/2
sup
t>0
∫ 2x1
x1
2
. . .
∫ 2xk
xk
2
k∏
j=2
W
βj
t (xj , yj)|g(y)|
k∏
j=1
y
2βj
j dy
+
{∫ ∞
x21
dt
t2
}1/2
x−2β11 sup
t>0
∫ 2x1
x1
2
. . .
∫ 2xk
xk
2
k∏
j=2
W
βj
t (xj , yj)|g(y)|
k∏
j=1
y
2βj
j dy

≤C
sup
t>0
∫ 2x1
x1
2
. . .
∫ 2xk
xk
2
(x1y1)
−β1 e
−(x1−y1)2/8t
√
t
k∏
j=2
W
βj
t (xj , yj)|g(y)|
k∏
j=1
y
2βj
j dy
+ sup
t>0
∫ 2x1
x1
2
. . .
∫ 2xk
xk
2
k∏
j=2
W
βj
t (xj , yj)
1
x2β1+11
∫ 2x1
x1
2
g(y)y2β11 dy1
k∏
j=2
y
2βj
j dyk . . . dy2
 , x ∈ (0,∞)k.
Since the operator Hβ1loc is bounded from L
1((0,∞), y2β1dy) into itself, by taking into account
the results established in the proof of Theorem 1.1 (see Section 2), we conclude that the operator
S β1,...,βkk is bounded from L
1((0,∞)k,
k∏
j=1
x
2βj
j dx) into L
1,∞((0,∞)k,
k∏
j=1
x
2βj
j dx).
Thus, we prove that Gλ1,...,λn1,1;3 defines a bounded operator from L
1((0,∞)n,
n∏
j=1
x
2λj
j dx) into
L1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx).
According to (20) we establish that the operator defined byGλ1,...,λn1,1 is bounded from L
1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx).
Assume now that i = 2, . . . , n.We analyze the operator Gλ1,...,λn1,i . In order to do this we write
Gλ1,...,λn1,i (f)(x) ≤

∫ ∞
0
t
∣∣∣∣∣∣
∫ 2x1
x1
2
. . .
∫ 2xi−1
xi−1
2
(x1y1)
−λ1 ∂
∂t
e−(x1−y1)24t
2
√
pit
 i−1∏
j=2
(xjyj)
−λj e
−(xj−yj)2
4t
2
√
pit
×
∫ xi
2
0
∫
(0,∞)n−i
n∏
j=i
W
λj
t (xj , yj)f(y)
n∏
j=1
y
2λj
j dy
∣∣∣∣∣∣
2
dt

1/2
+
{∫ ∞
0
t
∣∣∣∣∣
∫ 2x1
x1
2
. . .
∫ 2xi−1
xi−1
2
(x1y1)
−λ1
× ∂
∂t
e−(x1−y1)24t
2
√
pit
 i−1∏
j=2
(xjyj)
−λj e
−(xj−yj)2
4t
2
√
pit
∫ ∞
2xi
∫
(0,∞)n−i
n∏
j=i
W
λj
t (xj , yj)f(y)
n∏
j=1
y
2λj
j dy
∣∣∣∣∣∣
2
dt

1/2
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+

∫ ∞
0
t
∣∣∣∣∣∣
∫ 2x1
x1
2
. . .
∫ 2xi−1
xi−1
2
(x1y1)
−λ1 ∂
∂t
e−(x1−y1)24t
2
√
pit
 i−1∏
j=2
(xjyj)
−λj e
−(xj−yj)2
4t
2
√
pit
×
∫ 2xi
xi
2
Wλit (xi, yi)− (xiyi)−λi e−(xi−yi)
2
4t
2
√
pit
∫
(0,∞)n−i
n∏
j=i+1
W
λj
t (xj , yj)f(y)
n∏
j=1
y
2λj
j dy
∣∣∣∣∣∣
2
dt

1/2
=
3∑
l=1
G1,i;l(f)(x), x = (x1, . . . , xn) ∈ (0,∞)n.
In order to analyze the boundedness property for G1,i;1 and G1,i;2 we can follow a similar way
to the one employed to study G1,1;1 and G1,1;2, respectively.
On the other hand, by (3) we get, for every λ > −1/2, t, x, y ∈ (0,∞),∣∣Wλt (x, y)− (xy)−λWt(x, y)∣∣ ≤ C ( 1tλ+1/2 + (xy)−λ√t
)
e−
x2+y2
4t , xy ≤ t.(28)
Also, (4) implies that∣∣Wλt (x, y)− (xy)−λWt(x, y)∣∣ ≤ C(xy)−λ−1√te− (x−y)24t , xy > t,(29)
when λ > −1/2, t, x, y ∈ (0,∞).
By using (28) and (29), and proceeding as in the study of G1,1;3 we can prove that G1,i;3
defines a bounded operator from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx).
Thus, we conclude that G1,i is bounded from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx).
Hence, the operator G1 is bounded from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j
dx), and the proof of Claim 2 is finished. 
4. Proof of Theorem 1.3
In this section we prove that the Riesz transforms Rλ1,...,λni , i = 1, . . . , n, associated with the
Bessel operator ∆λ1,...,λn , are bounded from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx).
For every i = 1, . . . , n, and λj > −1/2, j = 1, . . . , n, the Riesz transform Rλ1,...,λni is formally
defined by
(30) Rλ1,...,λni =
∂
∂xi
∆
−1/2
λ1,...,λn
,
where ∆−1/2λ1,...,λn denotes the negative square root of the operator ∆λ1,...,λn . We are going to
precise the definition (30).
Assume that 0 < β <
n∑
j=1
(λj + 1/2) + 1 and λj > −1/2, j = 1, . . . , n. We define the negative
power ∆−βλ1,...,λn on C
∞
c ((0,∞)n) as follows
∆−βλ1,...,λnf(x) =
1
Γ(β)
∫ ∞
0
Wλ1,...,λnt (f)(x)− χ(1,∞)(t) t
−
n∑
j=1
(λj+1/2)
n∏
j=1
22λjΓ(λj + 1/2)
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×
∫
(0,∞)n
f(y)
n∏
j=1
y
2λj
j dy
 tβ−1dt, x ∈ (0,∞)n,
where f ∈ C∞c ((0,∞)n).
Let f ∈ C∞c ((0,∞)n). We can write
(31) ∆−βλ1,...,λnf(x) =
∫
(0,∞)n
f(y)Kλ1,...,λnβ (x, y)
n∏
j=1
y
2λj
j dy, x ∈ (0,∞)n,
being, for each x, y ∈ (0,∞)n, x 6= y,
Kλ1,...,λnβ (x, y) =
1
Γ(β)
∫ ∞
0
 n∏
j=1
W
λj
t (xj , yj)− χ(1,∞)(t)
t
−
n∑
j=1
(λj+1/2)
n∏
j=1
22λjΓ(λj + 1/2)
 tβ−1dt.
In order to prove the integral representation (31) for ∆−βλ1,...,λn it is sufficient to show that, for
every x ∈ (0,∞)n,
∫
(0,∞)n
|f(y)|
∫ ∞
0
∣∣∣∣∣∣∣∣
n∏
j=1
W
λj
t (xj , yj)− χ(1,∞)(t)
t
−
n∑
j=1
(λj+1/2)
n∏
j=1
22λjΓ(λj + 1/2)
∣∣∣∣∣∣∣∣ t
β−1dt
n∏
j=1
y
2λj
j dy <∞.
Indeed, let x = (x1, . . . , xn) ∈ (0,∞)n. According to (3) and (4) and denoting K = suppf , we
have that ∫
(0,∞)n
|f(y)|
∫ 1
0
n∏
j=1
W
λj
t (xj , yj)t
β−1dt
n∏
j=1
y
2λj
j dy
≤C
∫
K
∫ 1
0
tβ−1−n/2e
−
n∑
j=1
(xj−yj)2/4t
dtdy
≤C
∫
K
1
|x− y|n−2β dy <∞,
because β > 0. In the last inequality we have used [32, Lemma 1.1].
On the other hand, by using again (3), (4) and (5) it follows
∣∣∣Wλt (x, y)− t−λ−1/222λΓ(λ+ 1/2) ∣∣∣ = ∣∣∣ 1(2t)λ+1/2 (xy2t )−λ+1/2 Iλ−1/2 (xy2t ) e− x2+y24t − t−λ−1/222λΓ(λ+ 1/2) ∣∣∣
≤ 1
(2t)λ+1/2
e−
x2+y2
4t
∣∣∣ (xy
2t
)−λ+1/2
Iλ−1/2
(xy
2t
)
− 1
2λ−1/2Γ(λ+ 1/2)
∣∣∣
+
t−λ−1/2
22λΓ(λ+ 1/2)
∣∣∣e− x2+y24t − 1∣∣∣
≤ xy
(2t)λ+3/2
e−
x2+y2
4t sup
z∈(0, xy2t )
∣∣∣ d
dz
(
z−λ+1/2Iλ−1/2(z)
) ∣∣∣+ Cx2 + y2
tλ+3/2
≤C
(
(xy)2
tλ+5/2
e−
(x−y)2
4t +
x2 + y2
tλ+3/2
)
≤Cx
2 + y2
tλ+3/2
(xy
t
+ 1
)
, t, x, y ∈ (0,∞).(32)
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Then, by (3) we get
∫
(0,∞)n
|f(y)|
∫ ∞
1
∣∣∣∣∣∣∣∣
n∏
j=1
W
λj
t (xj , yj)−
t
−
n∑
j=1
(λj+1/2)
n∏
j=1
22λjΓ(λj + 1/2)
∣∣∣∣∣∣∣∣ t
β−1dt
n∏
j=1
y
2λj
j dy
≤ C
n∑
i=1
∫
K
∫ ∞
1
i−1∏
j=1
t−(λj+1/2)
22λjΓ(λj + 1/2)
∣∣∣∣Wλit (xi, yi)− t−(λi+1/2)22λiΓ(λi + 1/2)
∣∣∣∣ n∏
j=i+1
W
λj
t (xj , yj)t
β−1dtdy
≤ C
∫
K
∫ ∞
1
t
−
n∑
j=1
(λj+1/2)−2+β
dtdy <∞,
because β <
n∑
j=1
(λj + 1/2) + 1.
In particular, we have
∆
−1/2
λ1,...,λn
f(x) =
∫
(0,∞)n
f(y)Kλ1,...,λn1/2 (x, y)
n∏
j=1
y
2λj
j dy, x ∈ (0,∞).
Remark 4.1. Note that if 0 < β <
n∑
j=1
(λj + 1/2), for every f ∈ C∞c ((0,∞)n),
∫
(0,∞)n
|f(y)|
∫ ∞
0
n∏
j=1
W
λj
t (xj , yj)t
β−1dt
n∏
j=1
y
2λj
j dy <∞, x ∈ (0,∞)n,
and we can define the function
(∆λ1,...,λn)
−β
f(x) =
∫
(0,∞)n
f(y)
Γ(β)
∫ ∞
0
n∏
j=1
W
λj
t (xj , yj)t
β−1dt
n∏
j=1
y
2λj
j dy, x ∈ (0,∞)n,
when f ∈ C∞c ((0,∞)n). Then, if 0 < β <
n∑
j=1
(λj + 1/2) and f ∈ C∞c ((0,∞)n), for each
x ∈ (0,∞)n,
∆−βλ1,...,λnf(x)− (∆λ1,...,λn)
−β
f(x) =
−1
Γ(β)
∫
(0,∞)n
f(y)
∫ ∞
1
n∏
j=1
t−(λj+1/2)
22λjΓ(λj + 1/2)
tβ−1dt
n∏
j=1
y
2λj
j dy
and, for every i = 1, . . . , n,
∂
∂xi
∆−βλ1,...,λnf(x) =
∂
∂xi
(∆λ1,...,λn)
−β
f(x),
provided that this derivative exists.
For every 0 < β < n/2, the fractional power ∆−β is defined on C∞c (Rn) by
∆−βf(x) =
1
Γ(β)
∫ ∞
0
tβ−1
1
(2
√
pi)n
∫
Rn
e−|x−y|
2/4t
tn/2
f(y)dydt
=
∫
Rn
f(y)
1
Γ(β)(2
√
pi)n
∫ ∞
0
tβ−1−n/2e−|x−y|
2/4tdtdy
=
Γ(n/2− β)
pin/24βΓ(β)
∫
Rn
f(y)
|x− y|n−2β dy, x ∈ R
n and f ∈ C∞c (Rn).
Note that all the above integrals are absolutely convergent. In particular, since n > 1, we
have that, for every f ∈ C∞c (Rn),
∆−1/2f(x) =
1
2npi
n+1
2
∫
Rn
f(y)
∫ ∞
0
e−|x−y|
2/4t
t
n+1
2
dtdy, x ∈ Rn.
A crucial result to prove Theorem 1.3 is the following one.
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Proposition 4.1. Let f ∈ C∞c ((0,∞)n). Assume that λj > −1/2, j = 1, . . . , n. Then, for
every i = 1, . . . , n, it has
∂
∂xi
∆−1/2λ1,...,λnf(x)− n∏
j=1
x
−λj
j ∆
−1/2( n∏
j=1
y
λj
j f
)
(x)
(33)
=
∫
(0,∞)n
f(y)
(
Rλ1,...,λni (x, y)−Rλ1,...,λni (x, y)
) n∏
j=1
y
2λj
j dy, a.e. x ∈ (0,∞)n,
where
Rλ1,...,λni (x, y) =
1
2npi
n+1
2
∂
∂xi
∫ ∞
0
e−|x−y|
2/4t
t
n+1
2
dt
n∏
j=1
(xjyj)
−λj
 , x, y ∈ Rn, x 6= y,
and
Rλ1,...,λni (x, y) =
1√
pi
∫ ∞
0
∂
∂xi
Wλit (xi, yi)
n∏
j=1, j 6=i
W
λj
t (xj , yj)
dt√
t
, x, y ∈ (0,∞)n, x 6= y.
Moreover, the integral in (33) is absolutely convergent.
Proof. We are going to prove (33) for i = 1. We denote K = suppf . Suppose that Ω is a
compact subset of (0,∞)n. There exist 0 < a < 1 and b > 1, such that for every y ∈ K and
x ∈ Ω, xjyjt ≥ 1, when 0 < t < a, and xjyjt ≤ 1, when b < t <∞, for every j = 1, ..., n. We can
write, for each x, y ∈ (0,∞)n,
Kλ1,...,λn1/2 (x, y)−
n∏
j=1
(xjyj)
−λj
2npi
n+1
2
∫ ∞
0
e−|x−y|
2/4t
t
n+1
2
dt(34)
=
1√
pi

∫ a
0
 n∏
j=1
W
λj
t (xj , yj)−
n∏
j=1
(xjyj)
−λj e
−(xj−yj)2/4t
2
√
pit
 dt√
t
+
∫ 1
a
 n∏
j=1
W
λj
t (xj , yj)−
n∏
j=1
(xjyj)
−λj e
−(xj−yj)2/4t
2
√
pit
 dt√
t
+
∫ b
1
 n∏
j=1
W
λj
t (xj , yj)−
t
−
n∑
j=1
(λj+1/2)
n∏
j=1
22λjΓ(λj + 1/2)
−
n∏
j=1
(xjyj)
−λj
2npi
n
2
e−|x−y|
2/4t
t
n
2
 dt√t
+
∫ ∞
b
 n∏
j=1
W
λj
t (xj , yj)−
t
−
n∑
j=1
(λj+1/2)
n∏
j=1
22λjΓ(λj + 1/2)
−
n∏
j=1
(xjyj)
−λj
2npi
n
2
e−|x−y|
2/4t
t
n
2
 dt√t
 .
According to (4), we have for every x, y ∈ (0,∞)n and t > 0,
n∏
j=1
W
λj
t (xj , yj) =
n∏
j=1
(xjyj)
−λj
√
2t
(xjyj
2t
)1/2
Iλj−1/2
(xjyj
2t
)
e−(x
2
j+y
2
j )/4t
=
n∏
j=1
(xjyj)
−λj
2
√
pit
e−
(xj−yj)2
4t
(
n∑
k=0
(−1)k[λj − 1/2, k]
(
t
xjyj
)k
+ fλj−1/2n
(xjyj
2t
))
,
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where, for every ν > −1, fνn is a C∞(0,∞)-function such that fνn(z) = O
(
z−(n+1)
)
, as z →∞.
Then, for each x, y ∈ (0,∞)n and t > 0,
n∏
j=1
W
λj
t (xj , yj) =
n∏
j=1
(xjyj)
−λj
2
√
pit
e−
(xj−yj)2
4t(35)
×
1 +
∑
k1, . . . , kn ∈ N
k1, . . . , kn ≤ n
(k1, . . . , kn) 6= 0
ck1,...,kn
tk1+···+kn
n∏
j=1
(xjyj)kj
+ gn(x, y, t)
 ,
where ck1,...,kn ∈ R, k1, . . . , kn ∈ N, k1, . . . , kn ≤ n, and (k1, · · · , kn) 6= 0, and gn ∈ C∞((0,∞)n×
(0,∞)n × (0,∞)) and
|gn(x, y, t)|≤ Ctn+1, t ∈ (0, a), x ∈ Ω and y ∈ K.
Let ν > −1. By (4) and (5) we get, for each z ∈ (0,∞) ,
d
dz
(
e−zz−νIν(z)
)
= e−zz−ν−1/2
(√
zIν+1 −
√
zIν(z)
)
=
z−ν−1/2√
2pi
(
n+1∑
k=0
(−1)k([ν + 1, k]− [ν, k])(2z)−k + fν+1n+1(z)− fνn+1(z)
)
= −z
−ν−1/2
√
2pi
(
n∑
k=0
(−1)k([ν + 1, k + 1]− [ν, k + 1])(2z)−k−1 + fν+1n+1(z)− fνn+1(z)
)
,(36)
and
d
dz
(
e−zz−νIν(z)
)
=
d
dz
(
z−ν−1/2√
2pi
(
n∑
k=0
(−1)k[ν, k](2z)−k + fνn(z)
))
= −z
−ν−1/2
√
2pi
(
n∑
k=0
(−1)k[ν, k](2ν + 2k + 1)(2z)−k−1 + ν + 1/2
z
fνn(z)−
d
dz
fνn(z)
)
.(37)
Moreover, [ν + 1, k+ 1]− [ν, k+ 1] = [ν, k](2ν + 2k+ 1), for k ∈ N, k ≥ 1. Indeed, let k ≥ 1. We
have that
[ν + 1, k + 1]− [ν, k + 1] = 1
22k+2Γ(k + 2)

k∏
j=0
(4(ν + 1)2 − (2j + 1)2)−
k∏
j=0
(4ν2 − (2j + 1)2)

=
1
22k+2Γ(k + 2)

k∏
j=0
(2ν + 2(j + 1) + 1)(2ν − 2(j − 1)− 1)−
k∏
j=0
(2ν + 2j + 1)(2ν − 2j − 1)

=
(2ν + 2k + 3)− (2ν − 2k − 1)
4(k + 1)22kΓ(k + 1)

k−1∏
j=0
(2ν + 2j + 1)(2ν − 2j − 1)
 (2ν + 2k + 1)
= [ν, k](2ν + 2k + 1).
Then, from (36) and (37) we deduce that
d
dz
fνn =
ν + 1/2
z
fνn − fν+1n+1 + fνn+1.
Hence,
(38)
d
dz
fνn(z) = O
(
1
zn+2
)
, as z →∞,
and we conclude that
(39)
∣∣∣∣ ∂∂x1 gn(x, y, t)
∣∣∣∣ ≤ Ctn+1, t ∈ (0, a), x ∈ Ω and y ∈ K.
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If k ∈ N, according to [32, Lemma 1.1] we get∫ a
0
e|x−y|
2/4ttk−
n+1
2 dt ≤
∫ a
0
e|x−y|
2/4tt−
n−1
2 dt ≤ C 1|x− y|n−2 , x 6= y, x, y ∈ (0,∞)
n.(40)
Suppose that k1, . . . , kn ∈ N such that k1 + · · · + kn ≤ n and ki ≥ 1, for some i = 1, . . . , n.
From (40) it deduces that the functions
hk1,...,kn(z) =
∫ a
0
e−|z|
2/4t
t
n+1
2 −
n∑
j=1
kj
dt , Hk1,...,kn(z) =
∫ a
0
e−|z|
2/4t
t
n
2 +1−
n∑
j=1
kj
dt, z ∈ Rn \ {0}
are in L1(Λ) for every compact subset Λ ⊂ Rn. Moreover,
∂
∂x1
hk1,...,kn(x) =
∫ a
0
∂
∂x1
e−|x|
2/4tt
−n+12 +
n∑
j=1
kj
dt, x ∈ Rn \ {0}.
Since f ∈ C∞c ((0,∞)n) by defining f(y) = 0, y ∈ Rn \ (0,∞)n, the function
Gk1,...,kn(x) =
∫
Rn
n∏
j=1
(xjyj)
−λj−kjf(y)hk1,...,kn(x− y)
n∏
j=1
y
2λj
j dy, x ∈ (0,∞)n,
is derivable with respect to x1 on (0,∞)n, and
∂
∂x1
Gk1,...,kn(x) = −(λ1 + k1)
∫
Rn
x−λ1−k1−11 y
−λ1−k1
1
n∏
j=2
(xjyj)
−λj−kjf(y)hk1,...,kn(x− y)
n∏
j=1
y
2λj
j dy
+
∫
Rn
x−λ1−k11
n∏
j=2
(xj(xj − yj))−λj−kj ∂
∂x1
[
(x1 − y1)λ1−k1f(x− y)
]
hk1,...,kn(y)
n∏
j=2
(xj − yj)2λjdy
=− (λ1 + k1)
∫
Rn
x−λ1−k1−11 y
−λ1−k1
1
n∏
j=2
(xjyj)
−λj−kjf(y)hk1,...,kn(x− y)
n∏
j=1
y
2λj
j dy
−
∫
Rn
x−λ1−k11
n∏
j=2
(xj(xj − yj))−λj−kj ∂
∂y1
[
(x1 − y1)λ1−k1f(x− y)
]
hk1,...,kn(y)
n∏
j=2
(xj − yj)2λjdy
=− (λ1 + k1)
∫
Rn
x−λ1−k1−11 y
−λ1−k1
1
n∏
j=2
(xjyj)
−λj−kjf(y)hk1,...,kn(x− y)
n∏
j=1
y
2λj
j dy
−
∫
Rn−1
x−λ1−k11
n∏
j=2
(xj − yj)2λj
(xj(xj − yj))λj+kj
∫ ∞
−∞
∂
∂y1
[
(x1 − y1)λ1−k1f(x− y)
]
hk1,...,kn(y)dy1 . . . dyn
=− (λ1 + k1)
∫
Rn
x−λ−k1−11 y
−λ1−k1
1
n∏
j=2
(xjyj)
−λj−kjf(y)hk1,...,kn(x− y)
n∏
j=1
y
2λj
j dy
+
∫
Rn−1
lim
ε→0
{−(x1 − y1)λ1−k1f(x− y)hk1,...,kn(y)]∞x1+ε − (x1 − y1)λ1−k1f(x− y)hk1,...,kn(y)]x1−ε−∞
+
∫
R\(x1−ε,x1+ε)
(x1 − y1)λ1−k1f(x− y) ∂
∂y1
hk1,...,kn(y)dy1}x−λ1−k11
n∏
j=2
(xj − yj)2λj
(xj(xj − yj))λj+kj dy2 . . . dyn
=− (λ1 + k1)
∫
Rn
x−λ1−k1−11 y
−λ1−k1
1
n∏
j=2
(xjyj)
−λj−kjf(y)hk1,...,kn(x− y)
n∏
j=1
y
2λj
j dy
+
∫
Rn
n∏
j=1
(xj(xj − yj))−λj−kj
n∏
j=1
(xj − yj)2λjf(x− y) ∂
∂y1
hk1,...,kn(y)dy
=− (λ1 + k1)
∫
Rn
x−λ1−k1−11 y
−λ1−k1
1
n∏
j=2
(xjyj)
−λj−kjf(y)hk1,...,kn(x− y)
n∏
j=1
y
2λj
j dy
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+
∫
Rn
n∏
j=1
(xjyj)
−λj−kjf(y)
∂
∂u1
hk1,...,kn(u)|u=x−y
n∏
j=1
y
2λj
j dy
=− (λ1 + k1)
∫
Rn
x−λ1−k1−11 y
−λ1−k1
1
n∏
j=2
(xjyj)
−λj−kjf(y)hk1,...,kn(x− y)
n∏
j=1
y
2λj
j dy
+
∫
Rn
n∏
j=1
(xjyj)
−λj−kjf(y)
∂
∂x1
hk1,...,kn(x− y)
n∏
j=1
y
2λj
j dy
=
∫
Rn
∂
∂x1
 n∏
j=1
(xjyj)
−λj−kjhk1,...,kn(x− y)
 f(y) n∏
j=1
y
2λj
j dy, x ∈ (0,∞)n.
Hence, we obtain, for each x ∈ (0,∞)n,
∂
∂x1
(∫
Rn
f(y)
∫ a
0
n∏
j=1
(xjyj)
−λj
2
√
pit
e−
(xj−yj)2
4t
∑
k1, . . . , kn ∈ N
k1, . . . , kn ≤ n
(k1, . . . , kn) 6= 0
ck1,...,kn
tk1+...+kn
n∏
j=1
(xjyj)kj
dt
n∏
j=1
y
2λj
j dy
)(41)
=
∫
Rn
f(y)
∫ a
0
∂
∂x1
( n∏
j=1
(xjyj)
−λj
2
√
pit
e−
(xj−yj)2
4t
∑
k1, . . . , kn ∈ N
k1, . . . , kn ≤ n
(k1, . . . , kn) 6= 0
ck1,...,kn
tk1+...+kn
n∏
j=1
(xjyj)kj
) dt√
t
n∏
j=1
y
2λj
j dy.
Also, by using (39) we can see that
∂
∂x1
∫
Rn
f(y)
∫ a
0
n∏
j=1
(xjyj)
−λj
2
√
pit
e−
(xj−yj)2
4t gn(x, y, t)dt
n∏
j=1
y
2λj
j dy
(42)
=
∫
Rn
f(y)
∫ a
0
∂
∂x1
 n∏
j=1
(xjyj)
−λj
2
√
pit
e−
(xj−yj)2
4t gn(x, y, t)
 dt n∏
j=1
y
2λj
j dy, x ∈ (0,∞)n.
From (35), (41) and (42) we deduce that
∂
∂x1
∫
Rn
f(y)
∫ a
0
 n∏
j=1
W
λj
t (xj , yj)−
n∏
j=1
(xjyj)
−λj
2
√
pit
e−
(xj−yj)2
4t
 dt√
t
n∏
j=1
y
2λj
j dy
(43)
=
∫
Rn
f(y)
∫ a
0
∂
∂x1
 n∏
j=1
W
λj
t (xj , yj)−
n∏
j=1
(xjyj)
−λj
2
√
pit
e−
(xj−yj)2
4t
 dt√
t
n∏
j=1
y
2λj
j dy, x ∈ (0,∞)n.
By (32) it follows that∣∣∣∣∣∣∣∣
n∏
j=1
W
λj
t (xj , yj)−
t
−
n∑
j=1
(λj+1/2)
n∏
j=1
22λjΓ(λj + 1/2)
−
n∏
j=1
(xjyj)
−λj
2
√
pit
e−
(xj−yj)2
4t
∣∣∣∣∣∣∣∣
1√
t
≤
n∑
i=1
1√
t
i−1∏
j=1
W
λj
t (xj , yj)
∣∣∣∣Wλit (xi, yi)− t−λi−1/222λiΓ(λi + 1/2)
∣∣∣∣ t
−
n∑
j=i+1
(λj+1/2)
n∏
j=i+1
22λjΓ(λj + 1/2)
+
C
t(n+1)/2
≤C
 1
t
n∑
j=1
(λj+1/2)+3/2
+
1
t(n+1)/2
 , b < t <∞, x ∈ Ω and y ∈ K.
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Moreover, according to (5) we have that
∂
∂x1
 n∏
j=1
W
λj
t (xj , yj)−
t
−
n∑
j=1
(λj+1/2)
n∏
j=1
22λjΓ(λj + 1/2)
−
n∏
j=1
(xjyj)
−λj
2
√
pit
e−
(xj−yj)2
4t

=
n∏
j=2
W
λj
t (xj , yj)
(2t)λ1+1/2
[(x1y1
2t
)−λ1+1/2
Iλ1+1/2
(x1y1
2t
) y1
2t
− x1
2t
(x1y1
2t
)−λ1+1/2
Iλ1−1/2
(x1y1
2t
)]
e−
x21+y
2
1
4t
+ λ1
x−λ1−11 y
−λ1
1
2
√
pit
n∏
j=2
(xjyj)
−λj e
− (xj−yj)
2
4t
2
√
pit
+
n∏
j=1
(xjyj)
−λj e
− |x−y|24t
(2
√
pit)n
(x1 − y1)
2t
, t > 0, x, y ∈ (0,∞)n.
Then, (3) leads to
∣∣∣ ∂
∂x1
( n∏
j=1
W
λj
t (xj , yj)−
t
−
n∑
j=1
(λj+1/2)
n∏
j=1
22λjΓ(λj + 1/2)
− e
− |x−y|24t
(2
√
pit)n
n∏
j=1
(xjyj)
−λj
)∣∣∣
≤C
 1
t
n∑
j=1
(λj+1/2)+1
+
1
tn/2
 , t > b, x ∈ Ω and y ∈ K.
Hence, for each x ∈ (0,∞)n, we can differentiate under the integral sign obtaining
∂
∂x1
∫
(0,∞)n
f(y)
∫ ∞
b
(
W
λj
t (xj , yj)−
t
−
n∑
j=1
(λj+1/2)
n∏
j=1
22λjΓ(λj + 1/2)
−
n∏
j=1
(xjyj)
−λj e
− |x−y|24t
(2
√
pit)n
) dt√
t
dy
(44)
=
∫
(0,∞)n
f(y)
n∏
j=1
y
2λj
j
∫ ∞
b
∂
∂x1
(
W
λj
t (xj , yj)−
t
−
n∑
j=1
(λj+1/2)
n∏
j=1
22λjΓ(λj + 1/2)
−
n∏
j=1
(xjyj)
−λj e
− |x−y|24t
(2
√
pit)n
) dt√
t
n∏
j=1
y
2λj
j dy.
Finally, it is not hard to see that
∂
∂x1
∫
(0,∞)n
f(y)
∫ b
a
(
W
λj
t (xj , yj)−
e−
|x−y|2
4t
(2
√
pit)n
n∏
j=1
(xjyj)
−λj
) dt√
t
−
∫ b
1
t
−
n∑
j=1
(λj+1/2)
n∏
j=1
22λjΓ(λj + 1/2)
dt√
t
 n∏
j=1
y
2λj
j dy
(45)
=
∫
(0,∞)n
f(y)
∫ b
a
∂
∂x1
(
W
λj
t (xj , yj)−
e−
|x−y|2
4t
(2
√
pit)n
n∏
j=1
(xjyj)
−λj
) dt√
t
n∏
j=1
y
2λj
j dy, x ∈ (0,∞)n.
By combining (34), (43), (44) and (45) we can prove (33). Moreover the estimations that we
have established show the absolute convergence of the integral in (33).
Thus the proof of Proposition 4.1 is finished. 
Proposition 4.1 allows us to define the Riesz transformsRλ1,...,λni , i = 1, . . . , n, on C
∞
c ((0,∞)n).
Proposition 4.2. Let f ∈ C∞c ((0,∞)n) and λj > −1/2, j = 1, . . . , n. Then, for every i =
1, . . . , n, the function ∆−1/2λ1,...,λnf admits derivative
∂
∂xi
∆
−1/2
λ1,...,λn
f with respect to xi on almost all
(0,∞)n, and
∂
∂xi
∆
−1/2
λ1,...,λn
f(x) = lim
ε→0+
∫
|x−y|>ε
Rλ1,...,λni (x, y)f(y)
n∏
j=1
y
2λj
j dy, a.e. x ∈ (0,∞)n.
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Proof. Let i = 1, . . . , n. As it is well known, for every g ∈ C∞c (Rn), ∆−1/2g admits derivative
∂
∂xi
∆−1/2g with respect to xi on almost all Rn and
∂
∂xi
∆−1/2g(x) = lim
ε→0+
∫
|x−y|>ε
g(y)
∂
∂xi
∫ ∞
0
e−
|x−y|2
4t
2n(pit)(n+1)/2
dtdy, a.e. x ∈ (0,∞)n.
Moreover, for every x ∈ (0,∞)n, it has
∫
(0,∞)n
|f(y)|
n∏
j=1
y
λj
j
∫ ∞
0
e−
|x−y|2
4t
t
n+1
2
dtdy ≤ C
∫
(0,∞)n
|f(y)|
n∏
j=1
y
λj
j
|x− y|n−1 dy <∞.
Then,
∂
∂xi
 n∏
j=1
x
−λj
j ∆
−1/2( n∏
j=1
y
λj
j f
)
(x)

= lim
ε→0+
∫
|x−y|>ε
f(y)
∂
∂xi
 n∏
j=1
x
−λj
j
∫ ∞
0
e−
|x−y|2
4t
2n(pit)(n+1)/2
dt
 n∏
j=1
y
λj
j dy, a.e. x ∈ (0,∞)n.
Hence, from Proposition 4.1 we conclude that ∆−1/2λ1,...,λnf admits derivative
∂
∂xi
∆
−1/2
λ1,...,λn
with
respect to xi on almost all (0,∞)n and
∂
∂xi
∆
−1/2
λ1,...,λn
f(x) =
∂
∂xi
∆−1/2λ1,...,λnf(x)− n∏
j=1
x
λj
j ∆
−1/2(f n∏
j=1
y
λj
j
)
(x)

+
∂
∂xi
 n∏
j=1
x
λj
j ∆
−1/2(f n∏
j=1
y
λj
j
)
(x)

= lim
ε→0+
∫
|x−y|>ε
f(y)
(
Rλ1,...,λni (x, y)−Rλ1,...,λni (x, y)
) n∏
j=1
y
2λj
j dy
+ lim
ε→0+
∫
|x−y|>ε
f(y)Rλ1,...,λni (x, y)
n∏
j=1
y
2λj
j dy
= lim
ε→0+
∫
|x−y|>ε
f(y)Rλ1,...,λni (x, y)
n∏
j=1
y
2λj
j dy, a.e. x ∈ (0,∞)n.

We now prove that, for every f ∈ Lp((0,∞)n,
n∏
j=1
x
2λj
j dx), 1 ≤ p <∞, exists the limit
lim
ε→0+
∫
|x−y|>ε
Rλ1,...,λni (x, y)f(y)
n∏
j=1
y
2λj
j dy, a.e x ∈ (0,∞)n,
with i = 1, . . . , n. In order to show this we consider, for every i = 1, . . . , n, the maximal operator
Rλ1,...,λni,∗ defined by
Rλ1,...,λni,∗ (f)(x) = sup
ε>0
∣∣∣∣∣∣
∫
|x−y|>ε
Rλ1,...,λni (x, y)f(y)
n∏
j=1
y
2λj
j dy
∣∣∣∣∣∣ .
Proposition 4.3. Let λj > −1/2, j = 1, . . . , n, and i = 1, . . . , n. The maximal operator Rλ1,...,λni,∗
is bounded from Lp((0,∞)n,
n∏
j=1
x
2λj
j dx) into itself, 1 < p <∞ and from L1((0,∞)n,
n∏
j=1
x
2λj
j dx)
into L1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx).
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Proof. We consider i = 1. For the other values of i we can proceed analogously. We can write
Rλ1,...,λn1 (x, y) =
1√
pi
∫ ∞
0
(
∂
∂x1
Wλ1t (x1, y1)− χ{x1/2<y1<2x1}(y1)(x1y1)−λ1
∂
∂x1
Wt(x1, y1)
)
×
n∏
j=2
W
λj
t (xj , yj)
dt√
t
+
n∑
l=2
1√
pi
∫ ∞
0
(x1y1)
−λ1 ∂
∂x1
Wt(x1, y1)
l−1∏
j=2
(xjyj)
−λjWt(xj , yj)
×
l−1∏
j=1
χ{xj/2<yj<2xj}(yj)
(
Wλlt (xl, yl)− χ{xl/2<yl<2xl}(yl)(xlyl)−λlWt(xl, yl)
) n∏
j=l+1
W
λj
t (xj , yj)
dt√
t
+
1√
pi
∫ ∞
0
(x1y1)
−λ1 ∂
∂x1
Wt(x1, y1)
n∏
j=2
(xjyj)
−λjWt(xj , yj)
n∏
j=1
χ{xj/2<yj<2xj}(yj)
dt√
t
=
n+1∑
l=1
Rλ1,...,λn1,l (x, y), x, y ∈ (0,∞)n.
We now study the maximal operator Rλ1,...,λn1,l,∗ associated with R
λ1,...,λn
1,l in the usual way.
Firstly we consider Rλ1,...,λn1,1,∗ . According to [22, (22)], (3) and (4), we have
(46)
∣∣∣ ∂
∂u
Wλt (u, v)
∣∣∣ ≤ C u+ v
tλ+3/2
e−(u
2+v2)/4, t, u, v ∈ (0,∞) and uv
t
≤ 1,
and
(47)
∣∣∣ ∂
∂u
Wλt (u, v)
∣∣∣ ≤ C(uv)−λ e−(u−v)2/8t
t
, t, u, v ∈ (0,∞) and uv
t
≥ 1,
Inequalities (46) and (47) lead, for every λ > −1/2 and 0 < v < u/2,, to
(48)
∣∣∣∣ ∂∂uWλt (u, v)
∣∣∣∣ ≤ Cue−u2/32ttλ+3/2 ≤ C e−u
2/40t
tλ+1
, t > 0
Suppose that 1 ≤ l ≤ m ≤ n. According to (6), (9), (12) and (48), we get
∫ x1
2
0
. . .
∫ xl
2
0
∫ 2xl+1
xl+1
2
. . .
∫ 2xm
xm
2
∫ ∞
2xm+1
. . .
∫ ∞
2xn
|Rλ1,...,λn1,1 (x, y)||f(y)|
n∏
j=1
y
2λj
j dy
≤C
∫ x1
2
0
. . .
∫ xl
2
0
∫ 2xl+1
xl+1
2
. . .
∫ 2xm
xm
2
∫ ∞
2xm+1
. . .
∫ ∞
2xn
n∏
j=m+1
1
y
2λj+1
j
|f(y)|
×
∫ ∞
0
e
−(
l∑
j=1
x2j )/40t
t
l∑
j=1
(λj+1/2)+1
m∏
j=l+1
(
1
x
2λj+1
j
+
(xjyj)
−λj
√
t
e−(xj−yj)
2/4t
)
dt
n∏
j=1
y
2λj
j dy
Since, for every k ∈ N, Hk∞ and Hα1,...,αkloc are bounded from L1((0,∞)k,
k∏
j=1
x
2αj
j dx) into itself,
provided that αj > −1/2, j = 1, . . . , k, the operator
Sλ1,...,λnl,m (f)(x) =
∫ x1
2
0
. . .
∫ xl
2
0
∫ 2xl+1
xl+1
2
. . .
∫ 2xm
xm
2
∫ ∞
2xm+1
. . .
∫ ∞
2xn
|Rλ1,...,λn1,1 (x, y)||f(y)|
n∏
j=1
y
2λj
j dy
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is bounded from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx), provided that, for every
r, k ∈ N, 1 < r ≤ k and αj > −1/2, j = 1, . . . , k, the operator
S α1,...,αkr (g)(x) =
∫ x1
2
0
. . .
∫ xr
2
0
∫ 2xr+1
xr+1
2
. . .
∫ 2xk
xk
2
|g(y)|
×
∫ ∞
0
k∏
j=r+1
(xjyj)
−αj e
−(
r∑
j=1
x2j+
k∑
j=r+1
(xj−yj)2)/40t
t
r∑
j=1
(αj+1/2)+1+(k−r)/2
dt
k∏
j=1
y
2αj
j dy
=ck,rα1,...,αk
∫ x1
2
0
. . .
∫ xr
2
0
∫ 2xr+1
xr+1
2
. . .
∫ 2xk
xk
2
k∏
j=r+1
(xjyj)
−αj |g(y)|
× 1( r∑
j=1
x2j +
k∑
j=r+1
(xj − yj)2
) r∑
j=1
(αj+1/2)+(k−r)/2
k∏
j=1
y
2αj
j dy,
where ck,rα1,...,αk is a constant, is bounded from L
1((0,∞)k,
k∏
j=1
x
2αj
j dx) into L
1,∞((0,∞)k,
k∏
j=1
x
2αj
j
dx). This last property is true because the operators H α1,...,αkr,k and Lα1,...,αk are bounded
from L1((0,∞)k,
k∏
j=1
x
2αj
j dx) into L
1,∞((0,∞)k,
k∏
j=1
x
2αj
j dx), when αj > −1/2, j = 1, . . . , k, and
1 < r ≤ k, r, k ∈ N.
On the other hand, as it was proved in [8, Lemma 5],∫ ∞
0
∣∣∣∣ ∂∂x1Wλ1t (x1, y1)
∣∣∣∣ dt√t ≤ C 1x2λ1+11 , 0 < y1 < x1/2.
Then, by writing y¯ = (y2, . . . , yn), it has, for every x ∈ (0,∞)n,
Sλ1,...,λnl,m (f)(x) ≤C
∫ x1
2
0
∫ ∞
0
∣∣∣∣ ∂∂x1Wλ1t (x1, y1)
∣∣∣∣
×
sup
t>0
∫
(0,∞)n−1
n∏
j=2
W
λj
t (xj , yj)|f(y1, y¯)|
n∏
j=2
y
2λj
j dy¯
 dty2λ11 dy1
≤ C
x2λ1+11
∫ x1
2
0
sup
t>0
∫
(0,∞)n−1
n∏
j=2
W
λj
t (xj , yj)|f(y1, y¯)|
n∏
j=2
y
2λj
j dy¯y
2λ1
1 dy1.
Since Lλ1 is bounded from Lp((0,∞), x2λ1dx) into itself andWλ2,...,λn∗ is bounded from Lp((0,∞)n,
n∏
j=2
x
2αj
j dx) into itself, S
λ1,...,λn
l,m is bounded from L
p((0,∞)n,
n∏
j=1
x
2αj
j dx) into itself, for every
1 < p <∞.
By using (46) and (47), for every λ > −1/2 and 2u < v <∞, we obtain
(49)
∣∣∣∣ ∂∂uWλt (u, v)
∣∣∣∣ ≤ Ctλ+1 e−v2/40t, t > 0.
Suppose that 1 ≤ l ≤ m ≤ n. By (6), (9), (12) and (49), for each x = (x1, . . . , xn) ∈ (0,∞)n,
it follows that,
S λ1,...,λnl,m (f)(x) =
∫ ∞
2x1
. . .
∫ ∞
2xl
∫ 2xl+1
xl+1
2
. . .
∫ 2xm
xm
2
∫ xm+1
2
0
. . .
∫ xn
2
0
|Rλ1,...,λn1,1 (x, y)||f(y)|
n∏
j=1
y
2λj
j dy
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≤C
∫ ∞
2x1
. . .
∫ ∞
2xl
∫ 2xl+1
xl+1
2
. . .
∫ 2xm
xm
2
∫ xm+1
2
0
. . .
∫ xn
2
0
|f(y)|
∫ ∞
0
e
−(
l∑
j=1
y2j+
n∑
j=m+1
x2j )/40t
t
l∑
j=1
(λj+1/2)+
n∑
j=m+1
(λj+1/2)+1
×
m∏
j=l+1
[
(xjyj)
−λj e
−(xj−yj)2/4t
√
t
+
1
x
2λj+1
j
]
dt
n∏
j=1
y
2λj
j dy.
Since the operator Hα1,...,αkloc is bounded from L
1((0,∞)k,
k∏
j=1
x
2αj
j dx) into itself, provided
that αj > −1/2, j = 1, . . . , k, in order that to see that the operator S λ1,...,λnl,m is bounded
from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx) it is sufficient to show that, for every
αj > −1/2, j = 1, . . . , k, and 1 < s ≤ r ≤ k, s, r, k ∈ N, the operator
Tα1,...,αks,r (g)(x) =
∫ ∞
2x1
∫ ∞
2x2
. . .
∫ ∞
2xs
∫ 2xs+1
xs+1
2
. . .
∫ 2xr
xr
2
∫ xr+1
2
0
. . .
∫ xk
2
0
|g(y)|
k∏
j=1
y
2αj
j
×
r∏
j=s+1
(xjyj)
−αjdy
(
s∑
j=1
y2j +
r∑
j=s+1
(xj − yj)2 +
k∑
j=r+1
x2j )
s∑
j=1
(λj+1/2)+
k∑
j=r+1
(λj+1/2)+(r−s)/2
, x ∈ (0,∞)k,
is bounded from L1((0,∞)k,
k∏
j=1
x
2αj
j dx) into L
1,∞((0,∞)k,
k∏
j=1
x
2αj
j dx). Let αj > −1/2, j =
1, . . . , k, and 0 < s ≤ r ≤ k. By proceeding as in the proof of [25, Case 3] we can prove that the op-
erator Tα1,...,αks,r is bounded from L1((0,∞)k,
k∏
j=1
x
2αj
j dx) into L
1,∞((0,∞)k,
k∏
j=1
x
2αj
j dx), when s <
r.Also, the operator Tα1,...,αks,s is bounded from L1((0,∞)k,
k∏
j=1
x
2αj
j dx) into L
1,∞((0,∞)k,
k∏
j=1
x
2αj
j dx),
because
Ts,s(g)(x) ≤ C
(
k∑
j=s+1
x2j )
k∑
j=s+1
(λj+1/2)
∫ xs+1
2
0
. . .
∫ xk+1
2
0
∫ ∞
2x1
. . .
∫ ∞
2xs
|g(y)|
y1...ys
k∏
j=s+1
y
2λj
j dy, x ∈ (0,∞)k,
and Hs∞ is bounded from L1((0,∞)s,
s∏
j=1
x
2λj
j dx) into itself and Lλs+1,...,λk is bounded from
L1((0,∞)k−s,
k∏
j=s+1
x
2λj
j dx) into L
1,∞((0,∞)k−s,
k∏
j=s+1
x
2λj
j dx). Then, the operator S
λ1,...,λn
l,m is
bounded from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx).
Moreover, [8, Lemma 5],∫ ∞
0
∣∣∣∣ ∂∂x1Wλ1t (x1, y1)
∣∣∣∣ dt√t ≤ C x1y2λ1+21 , 2x1 < y1 <∞.
Then, for each x ∈ (0,∞)n , putting y¯ = (y2, . . . , yn),
S λ1,...,λnl,m (f)(x) ≤ C
∫ ∞
2x1
1
y1
sup
t>0
∫
(0,∞)n−1
n∏
j=2
W
λj
t (xj , yj)|f(y1, y¯)|
n∏
j=2
y
2λj
j dy¯
 dy1.
Since H1∞ is bounded from Lp((0,∞), x2λ1dx) into itself and Wλ2,...,λn∗ is bounded from Lp(
(0,∞)n−1,
n∏
j=2
x
2λj
j dx) into itself, S
λ1,...,λn
l,m is bounded from L
p((0,∞)n,
n∏
j=1
x
2λj
j dx) into itself,
for every 1 < p <∞.
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Finally, as it was proved in the proof of [8, Lemma 3], we have that
∣∣∣ ∂
∂u
Wλt (u, v) + (uv)
−λ u− v
4
√
pit3/2
e−(u−v)
2/4t
∣∣∣ ≤ C e−(u−v)2/4t√
t
(uv)−λ−1/2, uv ≥ t.
Then, by using (6) and (9), we obtain that, for every 1 ≤ l ≤ m ≤ n,
Sλ1,...,λnl,m (f)(x) =
∫ 2x1
x1
2
. . .
∫ 2xl
xl
2
∫ xl+1
2
0
. . .
∫ xm
2
0
∫ ∞
2xm+1
. . .
∫ ∞
2xn
|Rλ1,...,λn1,1 (x, y)||f(y)|
n∏
j=1
y
2λj
j dy
≤C
∫ 2x1
x1
2
. . .
∫ 2xl
xl
2
∫ xl+1
2
0
. . .
∫ xm
2
0
∫ ∞
2xm+1
. . .
∫ ∞
2xn
|f(y)|
[∫ x1y1
0
e−(x1−y1)
2/4t
t
(x1y1)
−λ1−1/2
×
n∏
j=2
W
λj
t (xj , yj)dt+
∫ ∞
x1y1
(
e−x
2
1/8t
tλ1+3/2
+ (x1y1)
−λ1 e
−(x1−y1)2/8t
t3/2
)
n∏
j=2
W
λj
t (xj , yj)dt
 n∏
j=1
y
2λj
j dy
≤C
∫ 2x21
0
dt√
t
sup
t>0
∫ 2x1
x1
2
∫
(0,∞)n−1
e−(x1−y1)
2/4t
√
t
(x1y1)
−λ1−1/2
n∏
j=2
W
λj
t (xj , yj)|f(y)|
n∏
j=1
y
2λj
j dy
+
(∫ ∞
x21
2
dt
tλ1+3/2
+ x−2λ11
∫ ∞
x21
2
dt
t3/2
)
sup
t>0
∫ 2x1
x1
2
∫
(0,∞)n−1
n∏
j=2
W
λj
t (xj , yj)|f(y)|
n∏
j=1
y
2λj
j dy

≤C
sup
t>0
∫ 2x1
x1
2
∫
(0,∞)n−1
e−(x1−y1)
2/4t
√
t
(x1y1)
−λ1
n∏
j=2
W
λj
t (xj , yj)|f(y)|
n∏
j=1
y
2λj
j dy
+ sup
t>0
∫
(0,∞)n−1
n∏
j=2
W
λj
t (xj , yj)
1
x2λ1+11
∫ 2x1
x1
2
f(y)y2λ11 dy1
n∏
j=2
y
2λj
j dy
 .
Since the operator Hλ1loc is bounded from L
1((0,∞), x2λ1+11 dx1) into itself, the maximal operator
Wλ2,...,λn∗ is bounded from L1((0,∞)n−1,
n∏
j=2
x
2λj
j dx) into L
1,∞((0,∞)n−1,
n∏
j=2
x
2λj
j dx) (Theorem
1.1), and, as the arguments developed in the proof of Theorem 1.1 show, the maximal operator
W λ1,...,λn∗ (f)(x) = sup
t>0
∫ 2x1
x1
2
∫
(0,∞)n−1
e−(x1−y1)
2/4t
√
t
(x1y1)
−λ1
n∏
j=2
W
λj
t (xj , yj)f(y)
n∏
j=1
y
2λj
j dy,
is bounded from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx), for each x ∈ (0,∞)n.We
conclude that the operator Sλ1,...,λnl,m is bounded from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx).
Moreover, since the operator Hλ1loc, W
λ2,...,λn∗ and Wλ1,...,λn∗ are bounded from Lp((0,∞),
x2λ1dx) into itself, Lp((0,∞)n−1,
n∏
j=2
x
2λj
j dx) into itself, and L
p((0,∞)n,
n∏
j=1
x2λjdx) into itself,
respectively, Sλ1,...,λnl,m is bounded from Lp((0,∞)n,
n∏
j=1
x
2λj
j dx) into itself, for every 1 < p <∞.
Hence, we have proved that the operator Rλ1,...,λn1,1 defined by
Rλ1,...,λn1,1 (f)(x) =
∫
(0,∞)n
|Rλ1,...,λn1,1 (x, y)|f(y)
n∏
j=1
y
2λj
j dy, x ∈ (0,∞)n,
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is bounded from L1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx) and from L
p((0,∞)n,
n∏
j=1
x
2λj
j dx) into itself, for every 1 < p <∞. Since
Rλ1,...,λn1,1,∗ (f)(x) = sup
ε>0
∣∣∣∣∣∣
∫
|x−y|>ε
Rλ1,...,λn1,1 (x, y)f(y)
n∏
j=1
y
2λj
j dy
∣∣∣∣∣∣
≤Rλ1,...,λn1,1 (f)(x), x ∈ (0,∞)n,
Rλ1,...,λn1,1,∗ is bounded from L
1((0,∞)n,
n∏
j=1
x
2λj
j dx) into L
1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx) and from L
p(
(0,∞)n,
n∏
j=1
x
2λj
j dx) into itself, for every 1 < p <∞.
In order to study the maximal operators Rλ1,...,λn1,l,∗ , l = 2, . . . , n, we can proceed as for R
λ1,...,λn
1,1,∗
by taking into account (29).
We now consider the maximal operator
Rλ1,...,λn1,n+1,∗ (f)(x) = sup
ε>0
∣∣∣∣∣∣
∫
|x−y|>ε
Rλ1,...,λn1,n+1 (x, y)f(y)
n∏
j=1
y
2λj
j dy
∣∣∣∣∣∣ , x ∈ (0,∞)n.
We use now a procedure similar than the one developed in the proof of Claim 1 in Section 3.
For every m = (m1, . . . ,mn) ∈ Zn we define the operator Y λ1,...,λnm by
Y λ1,...,λnm (f)(x) = sup
ε>0
∣∣∣∣∣∣χ n∏
j=1
[2mj ,2mj+1)
(x)
n∏
j=1
x
−λj
j
1√
pi
∫
|x−y|>ε
fm(y)·
·
∫ ∞
0
∂
∂x1
Wt(x1, y1)
n∏
j=2
Wt(xj , yj)
dt√
t
dy
∣∣∣∣∣∣ , x ∈ (0,∞)n,
where fm(y) = χ n∏
j=1
[2mj−1,2mj+2)
(x)f(y)
n∏
j=1
y
λj
j , y ∈ (0,∞)n.
Let γ > 0. We have that
mλ1,...,λn({x ∈ (0,∞)n : Rλ1,...,λn1,n+1,∗ (f)(x) > γ})
≤mλ1,...,λn({x ∈ (0,∞)n : |Rλ1,...,λn1,n+1,∗ (f)(x)−
∑
m∈Zn
Y λ1,...,λnm (f)(x)| > γ/2})
+
∑
m∈Zn
mλ1,...,λn({x ∈
n∏
j=1
[2mj , 2mj+1) : Y λ1,...,λnm (f)(x) > γ/2}).
We denotes by R1,∗ the maximal operator
R1,∗(g)(x) = sup
ε>0
∣∣∣∣∣∣
∫
|x−y|>ε
∫ ∞
0
∂
∂x1
Wt(x1, y1)
n∏
j=2
Wt(xj , yj)
dt√
t
g(y)dy
∣∣∣∣∣∣ , x ∈ Rn.
It is well known that R1,∗ is a bounded operator from L1(Rn, dx) into L1,∞(Rn, dx) and from
Lp(Rn, dx) into itself, for every 1 < p <∞.
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Then, for every m = (m1, . . . ,mn) ∈ Zn, it gets
mλ1,...,λn({x ∈
n∏
j=1
[2mj , 2mj+1) : Y λ1,...,λnm (f)(x) > γ/2})
≤C2
2
n∑
j=1
λjmj
m
(n)
0 ({x ∈
n∏
j=1
[2mj , 2mj+1) : R1,∗(fm)(x) > Mγ2
n∑
j=1
λjmj})
≤C
γ
2
n∑
j=1
λjmj‖fm‖L1(Rn,dx)
≤C
γ
∫
n∏
j=1
[2mj−1,2mj+2)
|f(y)|
n∏
j=1
y
2λj
j dy.
Here M and C denotes suitable positive constants that do not depend on m ∈ Zn. By m(n)0 we
represent the Lebesgue measure in Rn. Hence,∑
m∈Zn
mλ1,...,λn({x ∈
n∏
j=1
[2mj , 2mj+1) : Y λ1,...,λnm (f)(x) > γ/2})(50)
≤C
γ
‖f‖
L1((0,∞)n,
n∏
j=1
x
2λj
j )
.
Also, if 1 < p <∞, we can write
‖
∑
m∈Zn
Y λ1,...,λnm (f)‖pp =
∑
m∈Zn
∫
n∏
j=1
[2mj ,2mj+1)
|Y λ1,...,λnm (f)(x)|p
n∏
j=1
x
2λj
j dx
≤C
∑
m∈Zn
2
(2−p)
n∑
j=1
mjλj
∫
Rn
|R1,∗(fm)(x)|pdx
≤C
∑
m∈Zn
2
(2−p)
n∑
j=1
mjλj
∫
n∏
j=1
[2mj−1,2mj+2)
|f(y)|p
n∏
j=1
y
pλj
j dy
≤C
∑
m∈Zn
∫
n∏
j=1
[2mj−1,2mj+2)
|f(y)|p
n∏
j=1
y
2λj
j dy
≤C‖f‖pp.(51)
On the other hand, we have that
mλ1,...,λn({x ∈ (0,∞)n : |Rλ1,...,λn1,n+1,∗ (f)(x)−
∑
m∈Zn
Y λ1,...,λnm (f)(x)| > γ/2})
≤
∑
m∈Zn
mλ1,...,λn({x ∈
n∏
j=1
[2mj , 2mj+1) : |Rλ1,...,λn1,n+1,∗ (f)(x)− Y λ1,...,λnm (f)(x)| > γ/2}).
Let m = (m1, . . . ,mn) ∈ Zn. We define, for every x ∈
∏
j∈N
[2mj , 2mj+1), the sets Bl(x) and Cl(x),
l = 1, . . . , n, and A(x) as in the proof of Theorem 1.2. Then,
|Rλ1,...,λn1,n+1,∗ (f)(x)− Y λ1,...,λnm (f)(x)|
≤ 1√
pi
n∑
l=1
 n∏
j=1
x
−λj
j
∫
Bl(x)
|f(y)|
∫ ∞
0
∣∣∣ ∂
∂x1
Wt(x1, y1)
∣∣∣ n∏
j=2
Wt(x2, y2)
dt√
t
n∏
j=1
y
λj
j dy
+
n∏
j=1
x
−λj
j
∫
Cl(x)
|f(y)|
∫ ∞
0
∣∣∣ ∂
∂x1
Wt(x1, y1)
∣∣∣ n∏
j=2
Wt(x2, y2)
dt√
t
n∏
j=1
y
λj
j dy

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≤C
n∑
l=1
(∫
Bl(x)
|f(y)|
∫ ∞
0
e−|x−y|
2/8t
tn/2+1
dtdy +
∫
Cl(x)
|f(y)|
∫ ∞
0
e−|x−y|
2/8t
tn/2+1
dtdy
)
≤C
n∑
l=1
(∫
Bl(x)
|f(y)|
|x− y|n dy +
∫
Cl(x)
|f(y)|
|x− y|n dy
)
, x ∈
n∏
j=1
[2mj , 2mj+1).
By denoting y¯ = (y2, . . . , yn) ∈ Rn−1, and f˜m(y¯) = χ n∏
j=2
[2mj−1,2mj+2)
(y¯)
∫ 2m1+2
2m1−1
|f(y1, y¯)|dy1, we
obtain ∫
B1(x)
|f(y)|
|x− y|n dy ≤ C
1
2m1
Mn−1(f˜m)(x¯),
where x¯ = (x2, . . . , xn) when x = (x1, x2, . . . , xn), and Mn−1(f˜m)(x¯) denotes the Hardy Little-
wood maximal function in Rn−1.
Then, for every β > 0,
mλ1,...,λn
({
x ∈
n∏
j=1
[2mj , 2mj+1) :
∫
B1(x)
f(y)
|x− y|n dy > β
})
≤mλ1,...,λn
({
x ∈
n∏
j=1
[2mj , 2mj+1) :
C
2m1
Mn−1(f˜m)(x¯) > β
})
≤M2m12
2
n∑
j=1
λjmj
m
(n−1)
0
({
x ∈ Rn−1 : Mn−1(f˜m)(x¯) > β2
m1
C
})
≤M
β
∫
n∏
j=1
[2mj−1,2mj+2)
|f(y)|
n∏
j=1
y
2λj
j dy,(52)
where M > 0 does not depend on m ∈ Zn. Also, if 1 < p <∞, by using Jensen’s inequality and
maximal Theorem we have∫
n∏
j=1
[2mj ,2mj+1)
∣∣∣∣∣
∫
B1(x)
|f(y)|
|x− y|n
∣∣∣∣∣
p n∏
j=1
x
2λj
j dx ≤C2
2
n∑
j=1
λjmj−m1(p−1) ∫
Rn−1
|Mn−1(f˜m)(x¯)|pdx
≤C
∫
n∏
j=1
[2mj−1,2mj+2)
|f(y)|p
n∏
j=1
y
2λj
j dy,(53)
where C > 0 does not depend on m ∈ Zn.
Estimates similar than (52) and (53) can be obtain for Bl(x), l = 2, . . . , n, and Cl(x), l =
1, . . . , n. Putting together all the estimates we get
mλ1,...,λn({x ∈
n∏
j=1
[2mj , 2mj+1) : |Rλ1,...,λn1,n+1,∗ (f)(x)− Y λ1,...,λnm (f)(x)| > γ/2})
≤C
γ
∫
n∏
j=1
[2mj−1,2mj+2)
|f(y)|
n∏
j=1
y
2λj
j dy
and, for every 1 < p <∞,∫
n∏
j=1
[2mj ,2mj+1)
|R1,n+1,∗λ1,...,λn(f)(x)− Y λ1,...,λnm (f)(x)|p
n∏
j=1
x
2λj
j dx
≤ C
∫
n∏
j=1
[2mj−1,2mj+1)
|f(y)|p
n∏
j=1
y
2λj
j dy.
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Hence, by summing in m ∈ Zn, it follows
mλ1,...,λn({x ∈ (0,∞)n : |Rλ1,...,λn1,n+1,∗ (f)(x)−
∑
m∈Zn
Y λ1,...,λnm (f)(x)| > γ/2})
≤C
γ
‖f‖
L1((0,∞)n,
n∏
j=1
x
2λj
j )
,(54)
and, for every 1 < p <∞,
(55) ‖Rλ1,...,λn1,n+1,∗ (f)(x)−
∑
m∈Zn
Y λ1,...,λnm (f)(x)‖p ≤ C‖f‖p.
From (50) and (54) we deduce that Rλ1,...,λn1,n+1,∗ is bounded from L
1((0,∞)n,
n∏
j=1
x
2λj
j dx) into
L1,∞((0,∞)n,
n∏
j=1
x
2λj
j dx), and from (51) and (55) it infers that R
λ1,...,λn
1,n+1,∗ is bounded from
Lp((0,∞)n,
n∏
j=1
x
2λj
j dx) into itself, for every 1 < p <∞.
Thus the proof of Proposition 4.3 is finished. 
According to Proposition 4.2 and 4.3 standard arguments allow us to conclude that, for every
f ∈ Lp((0,∞)n,
n∏
j=1
x
2λj
j dx), 1 ≤ p <∞, and i = 1, . . . , n, there exists the limit
lim
ε→0+
∫
|x−y|>ε
Rλ1,...,λni (x, y)f(y)dy, a. e. x ∈ (0,∞)n.
We define, for every f ∈ Lp((0,∞)n,
n∏
j=1
x
2λj
j dx), 1 ≤ p < ∞, and i = 1, . . . , n, the Riesz
transform Rλ1,...,λni (f) of f by
Rλ1,...,λni (f)(x) = lim
ε→0+
∫
|x−y|>ε
Rλ1,...,λni (x, y)f(y)dy, a.e. x ∈ (0,∞)n.
Note that, by Proposition 4.2, for every i = 1, . . . , n this definition extends the initial definition
of Riesz transform Rλ1,...,λni from C
∞
c ((0,∞)n) to Lp((0,∞)n,
n∏
j=1
x
2λj
j dx), 1 ≤ p <∞.
Finally, from Proposition 4.3 we infer the desired Lp-boundedness properties for the Riesz
transform Rλ1,...,λni , i = 1, . . . , n, and the proof of Theorem 1.3 is complete.
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